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Notes on Ponomarev-systems 


Nguyen Van Dung 


Mathematics Faculty, Dongthap University, 783 Pham Huu Lau, Ward 6, Caolanh City, 
Dongthap Province, Vietnam 
E-mail: nguyendungtc@yahoo.com 


Abstract Let (f,/,X,P) be a Ponomarev-system. We prove that f is a sequence-covering 
(resp., pseudo-sequence-covering, subsequence-covering) map iff P is a strong cs-network 
(resp., strong cs*-network, pseudo-strong cs*-network) for X. Moreover, “subsequence- 
covering” can be replaced by “sequentially-quotient”, and “pseudo-strong cs*-network” can 
be replaced by “pseudo-strong cs-network”. As applications of these results, we get many 
well-known results on images of metric spaces and more. 

Keywords compact map, s-map, cs-map, strong s-map, sequence-covering map, pseudo- 
sequence-covering map, sequentially-quotient map, subsequence-covering map, Ponomarev- 


system 


81. Introduction 


Spaces with point-countable cfp-networks (resp., point-countable cs-networks, point-coun- 
table cs*-networks) can be characterized as s-images of a metric space M under a covering-map 
f, and many results have been proved ([1], [10], [11], [14]). Recently, some authors have tried 
to generalize these results ([5], [12], [15]). In [5], Y. Ge and J. Shen have obtained the following. 

Theorem 1.1. ([5], Theorem 2.1) Let (f,M,X,P) be a Ponomarev-system, then f is a 
compact-covering map iff P is a strong k-network for X. 

Take Theorem 1.1 into account, and note that compact-covering maps, sequence-covering 
maps, pseudo-sequence-covering maps, subsequence-covering maps and sequentially-quotient 
maps have a closed relation ((3], [4], [14]), the following question naturally arises. 

Question 1.2. Let (f,M,X,P) be a Ponomarev-system. What is the necessary and 
sufficient condition such that f is a sequence-covering (pseudo-sequence-covering, subsequence- 
covering, sequentially-quotient) map? 

In this paper, we introduce definitions of strong cs-network, strong cs*-network, pseudo- 
strong cs-network and pseudo-strong cs*-network as modifications of strong k-network in [5] to 
give necessary and sufficient conditions such that f is sequence-covering (resp., pseudo-sequence- 
covering, subsequence-covering, sequentially-quotient) where (f, M, X,P) is a Ponomarev-syste- 
m. As applications of these results, we get many well-known results on images of metric spaces 
and more. 

Throughout this paper, all spaces are assumed to be regular and 7}, all maps are assumed 
continuous and onto, N denotes the set of all natural numbers, w denotes NU{0} and convergent 
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sequence includes its limit point. Let f :X — Y be a map and P be a collection of subsets of 
X, we denote JP =U{P:P€P} and f(P) ={f(P): Pe Ph. 

Definition 1.3. Let A be a subset of a space X and P be a collection of subsets of X. 

(1) P is a network at x in X, if « € P for every P € P and whenever x € U with U open 
in X, then x € P CU for some P € P. 

(2) P is a network for X, if whenever « € U with U open in X, then « € P C U for some 
PEP. 

(3) P is a k-network for X, if whenever K C U with K compact and U open in X, then 
K CUFF CU for some finite F C P. 

(4) P is a cfp-cover for A in X, if P is a cover for A in X such that it can be precisely 
refined by some finite cover consisting of closed subsets of A. 

(5) P is a cfp-network for A in X, if whenever K is a compact subset of A and kK Cc U 
with U open in X, there exists a subfamily F of P such that F is a cfp-cover for K in A and 
UF cU. A such P in [5] is called to have property cc for A. 

(6) P is a strong k-network for X, if whenever K is a compact subset of X, there exists a 
countable subfamily Px of P such that Px is a cfp-network for kK in X. Note that there is a 
different definition of strong k-network in [1]. 

(7) P is a cs-network for A in X, if whenever S is a convergent sequence in A converging 
to « € ANU with U open in X, then S is eventually in P C U for some P € P. 

(8) P is a cs*-network for A in X, if whenever S' is a convergent sequence converging to 
x € ANU with U open in X, then S is frequently in P C U for some P € P. 

(9) P is compact-countable, if {P € P : KN P ¥ 6} is countable for each compact subset 
K of X. 

(10) P is point-finite, if {P € P : x € P} is finite for each point x € X. 

(11) P is locally finite, if for each point x € X, there is a neighborhood U of X such that 
U meets only finitely many members of P. 

(12) P is o-locally finite, if P = {Pn :n € N} where each P,, is a locally finite collection. 

(13) P is point-countable, if {P € P : « € P} is countable for each point « € X. Note 
that every point-finite (locally countable, compact-countable) collection is a point-countable 
collection. 

(14) If A = X, then a cs-network (resp., cs*-network, cfp-cover, cfp-network) for A in X 
is called a cs-network (resp., cs*-network, cfp-cover, cfp-network) for X (see [5], [12]). 

Definition 1.4. Let f : X — Y be a map. 

(1) f is a compact-covering map, if each compact subset of Y is the image of some compact 
subset of X. 

(2) f is an s-map, if whenever y € Y, then f~'(y) is a separable subset of X. 

(3) f is a strong s-map, if for each y € Y, there exists a neighborhood V of y in Y such 
that f—'(V) is a separable subset of X. 

(4) f is a cs-map, if whenever K is a compact subset of Y, then f~1(K) is a separable 
subset of X. 

(5) f is a compact map, if whenever y € Y, then f~+(y) is a compact subset of X. 
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(6) f is a o-map, if there is a base B for X such that f(B) is a o-locally finite collection of 
subsets of Y. 

(7) f is a sequence-covering map, if each convergent sequence in Y is the image of some 
convergent sequence in X. 

(8) f is a pseudo-sequence-covering map, if each convergent sequence in Y is the image of 
some compact subset of X. 

(9) f is a sequentially-quotient map, if for each convergent sequence S in Y, there is a 
convergent sequence L in X such that f(L) is a subsequence of S. 

(10) f is a subsequence-covering map, if for each convergent sequence S$ in Y, there is a 
compact subset AK of X such that f(K) is a subsequence of S. 

Definition 1.5. [14] Let X be a space. 

(1) X is an No-space, if X has a countable cs-network. Note that “cs-’ 


' 


can be replaced by 
“k-” or “cs*-”. 

(2) X is an N-space, if X has a o-locally finite cs-network. Note that “cs-” can be replaced 
by “k-” or “cs*-”. 

(3) X is a Fréchet space, if whenever x € A with A C X, then there is a sequence in A 
converging to 2. 

(4) X is a sequential space, if whenever A is a non closed subset of X, then there is a 
sequence in A converging to a point not in A. 

Definition 1.6. [5] Let P be a network for a space X. Assume that P is closed under 
finite intersections, and there exists a countable subfamily P, of P such that P, is a network 
at xin X for every x € X. Put P={P3: 8 €T}. For every n EN, put [, =F and endowed 


T, with the discrete topology. Put 


M= {u = (Bn) € ee : {Pg, : n © N} forms a network at some point x, € x}. 
neN 


Then M, which is a subspace of the product space II T,, is a metric space and 2 is 
neN 
unique for every 6b € M. Moreover xp = () Pg,. Define f: M — X by f(b) = xp, then f isa 


neN 
map and (f, M, X,P) is called a Ponomarev-system. 


Remark 1.7. If P is a point-countable network for X, then P, ={PEP:x2E€ P} CP 
is a countable network at x in X for every x € X. It implies that the Ponomarev-system 
(f, M, X,P) exists. 

For terms which are not defined here, please refer to [2] and [14] 


§2. Results 


In the following, (f, 4, X,P) denotes a Ponomarev-system where f and M are defined in 
Definition 1.6. 

Firstly we introduce some definitions. 

Definition 2.1. Let P be a cs-network for a convergent sequence S in X where S C U 
with U open in X, then a subfamily F of P has property cs(S,U) if it satisfies the following. 


4 Nguyen Van Dung No. 1 


(1) F is finite, 

(V0AFOSCFCU for every FEF, 

(3) If a € S, then there is a unique F € F such that x € F, 

(4) If F € F contains the limit point of S, then S — F is finite. 


The following lemma proves that a family having property cs(S,U) exists. 

Lemma 2.2. If P is a cs-network for a convergent sequence S in X where S C U with U 
open in X, then there is a subfamily F of P such that F has property cs(S,U). 

Proof. Let S = {x : m © w} converging to a9 € X. Since P is a cs-network for S 
in X, there is Po € P such that S$ is eventually in Py and Py C U. Because S — U is finite, 
S—-U ={rm,:i=1,--- ,k} for some k € N. For every i € {1,--- ,k}, note that U—(S—{2m,}) 
is an open neighborhood of a, in X, so there is P; € P such that tm, € P;) C U—(S—{am,}). 
Put F = {P,:i=0,--- ,k}, then F satisfies required conditions. 

Definition 2.3. Let P be a cs*-network for a convergent sequence S in X where S C U 
with U open in X, then a subfamily F of P has property cs*(S,U) if it satisfies the following. 
1) F is finite, 

2) 0AFASCFECU for every F € Ff, 

3) If « € S, then there is some F' € F such that « € F, 

4) FS is closed for every F € F. 

The following lemma proves that a family having property cs*(S,U), if P is point-countable. 


( 
( 
( 
( 


Lemma 2.4. If P is a point-countable cs*-network for a convergent sequence S$ in X 
where S C U with U open in X, then there is a subfamily F of P such that F has property 
cs*(S,U). 

Proof. Let S = {z, : n € w} converging to 7 € X. Since P is point-countable cs*- 
network for S in X, {P € P: x) € P C U} is non-empty and countable. Put {P € P: 2 € 


no 


PCU}={P;:1€N}. We shall show that there exists an no € N such that x, € U P; for all 


but finitely many n € N. If not, we can choose a subsequence {2y, : k € N} of en on € N} as 
follows. 
Ln, € (S—P,)N Pp, for some Py, € P, 
Nk-1 
tn, €(S— (J Pj) NP, for some P,, € P, for all k > 1. 

i=1 
So each P; only includes finitely many elements of {x,, : k € N}. But P is a cs*-network for S in 
X, then there is P € P such that {xo}U{a@n, : k € N} is frequently in P. Thus P = P,,, for some 


m €N. Hence P,,, includes infinitely many elements of {z,, : k € N}, a contradiction. Then we 
no 


can put Ss-JP = {%p,:t=1,--- ,k} for some k € N. For eachi € {1,--- ,k} there is F; ¢ P 
such that ie fc (U —(8 —{en;})). Put F= (Fda 1s APU LB t= 1: mah, 
then F satisfies required conditions. 

The following notions are modifications of the strong k-network in [5]. 

Definition 2.5. Let P be a collection of subsets of a space X. 

(1) P is a strong cs-network for X, if whenever S' is a convergent sequence in X, then there 
exists a countable subfamily Ps of P such that Pg is a cs-network for S in X. 
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(2) P is a strong cs*-network for X, if whenever S' is a convergent sequence in X, then 
there exists a countable subfamily Ps of P such that Pg is a cs*-network for S in X. 

(3) P is a pseudo-strong cs-network for X, if whenever S' is a convergent sequence in X, 
then there exists a countable subfamily Ps of P such that Ps is a cs-network in X for some 
convergent subsequence T of S. 

(4) P is a pseudo-strong cs*-network for X, if whenever S is a convergent sequence in X, 
then there exists a countable subfamily Ps of P such that Ps is a cs*-network in X for some 
convergent subsequence T of S. 

Remark 2.6. We have following implications from the above definitions. 

(1) Strong cs-network => cs-network. 

(2) Strong cs-network = strong cs*-network (pseudo-strong cs-network) = pseudo-strong 
cs*-network => cs*-network. 

The following example proves that some inverse implications in Remark 2.6 do not hold. 

Example 2.7. There exists a Ponomarey-system (f, M, X,P) such that P is a cs-network 
for X, but P is not a strong cs-network for X. 

Proof. Let X be the sequential fan space S,, [8], then X has not any countable base at 
ao, where ao is the non-isolated point in X. Put P = {U C X : U is open in X} U {{zo}}, 
then P is a network for X, and there exists a countable subfamily P, of P such that P, is a 
network at « in X for every « € X. Therefore the Ponomarev-system (f,M, X,P) exists. 

Since P contains a base of X, P is a cs-network for X. We shall prove that P is not a 
strong cs-network for X. Let S be a non-trivial convergent sequence converging to x. If P 
is a strong cs-network for X, there exists a countable subfamily Ps of P such that Ps is a 
cs-network for $ in X. Note that every element of Ps — {{xo}} is open in X and Ps — {{zxo}} 
is a countable network at 29 in X. Therefore Ps — {{xo}} is a countable neighborhood base at 
Zp in X. This contradicts that X has not any countable neighborhood base at x. It implies 
that P is not a strong cs-network for X. 

Remark 2.8. Similarly, we get that there exists a Ponomarev-system (f,M,X,P) such 
that P is a cs*-network for X, but P is not a pseudo-strong cs*-network for X where X and 
P are the same in example 2.7. Moreover P is not neither a pseudo-strong cs-network for X 
nor a strong cs*-network for X by remark 2.6. But we don’t know whether remaining inverse 
implications in remark 2.6 do not hold. 

The following lemma establishes a equivalent condition between a strong cs-network and 
a cs-network. 

Lemma 2.9. If P is a point-countable family consisting of subsets of a space X, then the 
following are equivalent. 

(1) P is a strong cs-network for X, 

(2) P is a cs-network for X. 

Proof. (1) > (2). By Remark 2.6. 

(2) = (1). Let S be a convergent sequence in X. Since P is point-countable, then Ps = 
{P€P: PS F 9} is countable. Obviously Ps is a cs-network for S in X. It implies that P 
is a strong cs-network for X. 


Moreover we get that. 
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Lemma 2.10. Let P be a point-countable cs-network for X. If each compact subset of X 
is first-countable, then P is a cfp-network for X. 

Proof. Let K be a compact subset of X and K C U with U open in X. It follows from 
Lemma 1.2 in [9] that there are P,,Q,z € P such that x € intk(Q2N K) C G, C dxGs C 
inte(P, 1K) C P, C U with some G, open in K for every x € K. Since K is compact, there is 
a finite subset F' of Kk such that {G, : a € F} covers K. Then F = {P,: x € F} is a cfp-cover 
for K in X with UF CU. It implies that P is a cfp-network for X. 

We also have a equivalent condition for a strong cs*-network, pseudo-strong cs*-network 
and a cs*-network as follows. 

Lemma 2.11. If a family P is a point-countable family consisting of subsets of a space 
X, then the following are equivalent. 

(1) P is a strong cs*-network for X , 

(2) P is a pseudo-strong cs*-network for X, 

(3) P is a cs*-network for X. 

Proof. (1) > (2) = (3). By Remark 2.6. 

(3) = (1). Let S be a convergent sequence in X. Since P is point-countable, then Ps = 
{Pe P: PS FO} is countable. Obviously Pg is a cs*-network for S in X. It implies that 
P is a strong cs*-network for X. 

Regarding the relations between covering-maps we have the following. 

Lemma 2.12. {[3], Remark 1.8} Let f : X — Y bea map. 

(1) If f is quotient and X is sequential, then f is sequentially-quotient. 

(2) If Y is sequential and f is sequentially-quotient, then f is quotient. 

Lemma 2.13. {[4], Remark 5} Let f : X — Y be a map. 

(1) If f is compact-covering or sequence-covering, then f is pseudo-sequence-covering. 

(2) If f is pseudo-sequence-covering or sequentially-quotient, then f is subsequence-covering. 

Moreover we get that. 

Lemma 2.14. Let f : X — Y beamap. If X is sequential and f is subsequence-covering, 
then f is sequentially-quotient. 

Proof. Let S be a convergent sequence converging to a point y € Y. Since f is 
subsequence-covering, there is a compact subset K in X such that f(K) is a convergent subse- 
quence of S. Put f(K) = {y}U{yn : n € N} where {y, : n € N} converges to y. For each n € N 
pick tn € f~'(yn)AK, then {x, :n € N} Cc K. Note that K is a compact subset in a sequential 
space, K is sequentially compact. So there is a convergent subsequence {x} U {x, : k © N} of 
{x} U {a, : n € N} that converges to x € f~+(y). Then {y} U{f(an,) : k € N} is a convergent 
subsequence of {y}U{yn :n € N}. Therefore {y}U{f(an,) : k € N} is a convergent subsequence 
of S. This proves that f is sequentially-quotient. 

Now we establish a relation between covers and map in a ponomarevsystem. 

Lemma 2.15. Let (f, M@,X,P) be a Ponomarev-system, then the following hold. 

(1) f is a compact map iff P is point-finite. 

(2) f is an s-map iff P is point-countable. 
(3) f is a cs-map iff P is compact-countable. 
(4) f 


4) f is astrong s-map iff P is locally countable. 
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Proof. (1) and (2). By Proposition 2.1 in [5]. 

(3) Necessary. Conversely, if P is not compact-countable, then there exists some compact 
subset K of X such that A = {8 €T: PgNK # 6} is uncountable. Let « € K and { Pg, :n € N} 
is a network at x in X. For every 6 € A put cg = (Yn) where y1 = @ and yn = Bn—1 for n> 1. 
Then {P,,, : n € N} is a network at x, so cg € f~'(K). Put Ug = {c = (1) € M: m1 = B} 
for every 3 € A. We shall prove that {Ug : 8 € A} is an open cover for f~'(K) in M. Note 
that every Ug is open and non-empty, and if c = (yn) € f~'(K), then {P,, :n €N} Cc P is 
a network at f(c) € K. It implies that P,, 1 K # 0. Then 7, = (6 for some @ € A. Hence 
{Ug : 8 € A} is an open cover for f~'(K) in M. Since f is a cs-map, f~'(K) is separable in 
M. Then {Ug : 8 € A} has a countable subcover. It is a contradiction because Ug 1 Uy = 0 
whenever 3 # ¥. 

Sufficiency. Let K be a compact subset of X. Since P is compact-countable, A, = {3 € 
I, : PsN K # 0} is countable for every n € N. Then f-1(K) c II Ay. Since II An isa 


nen neN 
hereditarily separable space, it implies that f~'(K) is separable in M, i.e, f is a cs-map. 


(4) It is similar to the proof of (3). 

From Theorem 2.1 in [5] (see Theorem 1.1) the authors have obtained the following. 

Corollary 2.16. {[5], Proposition 3.1} Let (f, M,X,P) be a Ponomarev-system, then the 
following are equivalent. 

(1) f is a compact-covering s-map, 

(2) P is a point-countable strong k-network, 

(3) P is a point-countable cfp-network. 

Note that “s-” and “point-countable” in Corollary 2.16 can be replaced by “compact” and 
“point-finite” respectively ([5], Remark 3.1.) Using Lemma 2.15 we get that “s-” and “point- 
countable” in Corollary 2.16 can be also replaced by “cs-” and “compact-countable”, or “strong 
s-” and “locally countable” respectively. Moreover, the following holds. 

Corollary 2.17. {[12], Corollary 8} The following are equivalent for a space X. 

(1) X is a compact-covering s-image of a metric space, 

(2) X has a point-countable cfp-network. 

Proof. (1) = (2). Let f : M— X be a compact-covering s-map from a metric space 
onto X. Since M is metric, M has a o-locally finite base B. Then f(B) is a point-countable 
cfp-network for X. 

(2) = (1). Let P be a point-countable cfp-network for X. It follows from Remark 1.7 that 
the Ponomarev-system (f,M,X,P) exists. Then f is a compact-covering s-map by Corollary 
2.16. It implies that X is a compact-covering s-image of a metric space. 

Next we give a technical lemma which plays an important role in the following parts. 

Lemma 2.18. Let (f,M,X,P) be a Ponomarev-system, b = (8) € M where {P3, :n € 
N} is a network at some x» € X and 


Un = {c= (%1) € M: % = G; for all i < n}, 


for every n € N. Then we have. 
(1) {U, :n € N} is a base at bin M. 
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(2) f(Un) = () P3, for every n EN. 


i=1 
Proof. (1). By definition of the product topology of a countable family consisting of 
discrete spaces. 
(2). For each n EN, let x € f(U,). Then x = f(c) for some c = (y%) € Un. It implies that 


c= (Pec (|r = (| Pai; ie, f(Un) C (| Pa. 


iEN i=l 


Conversely, let x € () Pg,. Then x = f(c) with c = (%) € M. Note that for each i e N 
i=1 
there exists some 6,4; € [n4; such that 6,4; = yj. Put d = (0;) with 0; = G; for alli <n. 


Then we get d€ U,, and f(d) = x. It implies that () Pg, C f(Un)- 


i=l 
By the above we get f(Un) = () P3,. 


Now we give a necessary and vuticeat condition such that f is a sequence-covering map. 

Theorem 2.19. Let (f,M,X,P) be a Ponomarey-system, then the following are equiva- 
lent. 

(1) f is a sequence-covering map, 

(2) P is a strong cs-network for X. 

Proof. (1) >(2). Let S be a convergent sequence in X, we shall prove that there is 
a countable subfamily Ps of P such that Ps is a cs-network for S in X. Indeed, since f 
is sequence-covering, there exists a convergent sequence C' in M such that S = f(C). Put 


A= {pn (©) : n € N}, where every pp : II IT; -T,, is a projection, then A is countable. Let 
ieN 


Ps={() Pa: ACA,A is finite}. 
BEA 
Since P is closed under finite intersections, Pgs is a countable subfamily of P. It suffices to 
show that Pg is a cs-network for S in X. Let L be a convergent sequence in S' converging to 
a € U with U open in X. Since f is sequence-covering, there exists a convergent subsequence 
T of Cin M such that f(T) = L. We get that T converges to some b € f~!(x) Cc f-1(U). Let 
b = (G,). For each n € N put 


Un = {c= (4%) € M: y% = G; for alli < n}. 


It follows from Lemma 2.18 that {U, : n € N} is a base at b in M. Since T converges to 
be f-1(U) which is open in M, T is eventually in some U,, with U,, Cc f~!(U). Therefore L is 


eventually in f(Un) C U. Since f(Un) = () Pg, by Lemma 2.18 and () Pg, is an element of 
i=1 i=1 
Ps, we get that Pg is a cs-network for S in X. 


(2) > (1). Let S = {x : m € w} be a convergent sequence in X converging to %. We 
shall prove that S = f(C) for some convergent sequence C' in M. Assume that all x,,’s are 
distinct. Since P is a strong cs-network for X, there exists a countable subfamily Ps of P such 
that Pg is a cs-network for S. It follows from Lemma 2.2 that there exists a subfamily F of Ps 
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such that F has property cs(.S,X). Since Pg is countable, {F C Ps : F has property cs(.S, X)} 
is countable by finiteness of F. Put 


{F CP: F has property cs(S,X)} = {F, :n € N}, 


and put F, = {Pg : 6 € A,} for every n € N where A, is a finite subset of T’,,. For every 
m €wandn €N, since F, has property cs(S,X), there is a unique Bpm € A, such that 


tm © Pe. & Fav Pub by = (Caan) © II A, and C = {bm :m € wh, we shall prove that C is 
neN 
a convergent sequence in M and f(C) = S. 


To show C'C M and f(C) = S it suffices to prove that {P3,,,: © N} is a network in X 
at x, for every m € w. Indeed, let U be an open neighborhood of x, in X. We consider two 
following cases. 

(a) Gm = Xo. 

We get that UMS is a convergent sequence in X and (SMU) Cc U. It follows from 
Lemma 2.2 that there is a subfamily F of Ps such that F to have property cs(SMU,U). Since 
S—(SNU) is finite, put S— (SOU) = {am, : i =1,--- ,U}. For every i € {1,...,/}, note 
that X — (S' — {am,}) is an open neighborhood of x, in X, so there is P; € Ps such that 
Lm, € P, C X —(S—{Xm,}). It is easy to see that FU{P; :i =1,--- ,l} has property cs(S,X). 
So there is k € N such that FU{P;:i=1,--- ,J} = Fy. Thus xo € Po, , € Fx. Note that 
P, . must be an element of F which has property cs(SMU,U). It implies that ao € Ps, CU. 

(b) am A Xo. 

We get that S — {x,,} is a convergent sequence in X and S — {a} C X — {&%m} with 
X — {x} open. It follows from Lemma 2.2 that there exists a subfamily F of Ps such that 
F has property cs(S — {am}, X — {am}). Note that U — (S — {x ,}) is an open neighborhood 
of 2m, so there exists P,, € Ps such that wt, € Pp C U — (S — {am}). It is easy to see 
that F U {Pm} has property cs(.S,X). Hence there is & € N such that FU{Pn} = Fr, then 
Lm © Pe, = Pm CU. 

By the above we get that tm € Pg,,, C U for every m € w. Then {Pz,,,:n © N} isa 
network in X at 2, for every m € w. It implies that C C M and f(C) = S. To complete 
the proof we shall prove that C = {bm : m € w} converging to bo. For every k € N there is 
a unique 6,90 € A, such that xo € Pg, , € Fz. Since F, has property cs($,X), S — Pg, , is 
finite. So there is my, € N such that rm € Pg, for every m > mg. Note that tm € Pg,.,, © Fr: 
Thus Gym = Bro for every m > mg. So {Bem 2m € w} converging to Gx,9 asm — oo. Hence 
C = {bm : m € w} is a convergent sequence in M converging to bo. It implies that S = f(C) 
with C being a convergent sequence in M, i.e, f is a sequence-covering map. 

By Theorem 2.19 we get nice characterizations of s-images of metric spaces which were 
obtained in [9] as follows. 

Corollary 2.20. {[9] Theorem 1.1} The following are equivalent for a space X. 

(1) X is a sequence-covering s-image of a metric space, 

(2) X has a point-countable cs-network. 

Proof. (1) = (2). Let f : M— X be a sequence-covering s-map from a metric space Mf 
onto X. Since M is metric, M has a o-locally finite base B. Then f(8) is a point-countable 
cs-network for X. 
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(2) = (1). Let P be a point-countable cs-network for X. It follows from Remark 1.7 that 
the Ponomarev-system (f, M, X,P) exists. 

By Lemma 2.9, P is a strong cs-network for X. From Theorem 2.19 and Lemma 2.15 we 
get that f is a sequence-covering s-map. It implies that X is a sequence-covering s-image of a 
metric space. 

Corollary 2.21. {[9], Theorem 1.4} The following are equivalent for a space X. 

(1) X is a sequence-covering, compact-covering quotient s-image of a metric space, 

(2) X is a sequential space having a point-countable cs-network. 

Proof. (1) = (2). From Corollary 2.20, we only need to prove that X is sequential. It is 
clear because f is a quotient map from a metric space onto X. 

(2) = (1). Let P be a point-countable cs-network for X. As in the proof of Corollary 2.20, 
then X is an image of a metric space MW under a sequence-covering s-map f where (f, M, X,P) 
is a Ponomarey-system. It follows from Lemma 2.12, Lemma 2.13 and Lemma 2.14 that f is 
quotient. We shall prove that f is compact-covering by showing that P is a point-countable 
cfp-network for X. Let K be a compact subset of X. Since X is sequential, K is sequential 
compact. From Proposition 1.2 in [3], Px ={P 1K: P € P} is a point-countable k-network 
for K. It follows from Theorem 3.3 in [6] that K is metrizable. Then P is a point-countable 
cfp-network for X by Lemma 2.10. From Corollary 2.16, f is compact-covering. 

The following is routine. 

Corollary 2.22. The following are equivalent for a space X. 

(1) X is a sequence-covering, compact-covering pseudo-open s-image of a metric space, 

(2) X is a Fréchet space having a point-countable cs-network. 

Moreover we get a mapping theorem on N-spaces which belongs to [7]. 

Corollary 2.23. {[7], Theorem 3} The following are equivalent for a space X. 

1) X is an N-space, 

X is a sequence-covering, compact-covering o-image of a metric space, 


X is a compact-covering o-image of a metric space, 


( 
(2) 
(3) 
(4) X is a sequence-covering o-image of a metric space, 
(5) X is a pseudo-sequence-covering o-image of a metric space, 
(6) X is a subsequence-covering o-image of a metric space, 

(7) X is a sequentially-quotient c-image of a metric space. 

Proof. (1) = (2). Since X is an N-space, X has a o-locally finite cs-network Q = U{Q, : 
n € N} and a o-locally finite k-network R = U{Rn :n € N} where every Q, and Ry, is locally 
finite and every elements of Q and F are closed. For each n € N put P, = Q,U Rn, then 
Pr, is locally finite. Therefore X has a o-locally finite cs- and k-network P = U{P, : n € N}. 
It follows from Remark 1.7 that the Ponomarev-system (f,M,X,P) exists. We shall prove 
that f is a sequence-covering and compact-covering o-map. From Lemma 2.9, P is a strong 
cs-network for X. Hence f is a sequence-covering map by Theorem 2.19. Since P is a o-locally 
finite closed k-network, P is a cfp-network. Hence f is a compact-covering map by Corollary 
2.16. To complete the proof it suffices to show that f is a o-map. For each b = (3°) € M where 
{ Pg. : n € N} is a network at some x» in X, put UP = {c= (ji) € M: y = 8} for alli < n}, 
for each n € N and By = {U2 : n € N}. It follows from Lemma 2.18 that B = {By : b € M} 
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is a base for M and f(U; =) Pop. Since P is o-locally finite, f(B) is a o-locally finite. It 


4=1 
implies that f is a o-map. 


(2) = (3), (2) => (4). Obviously. 

(3) > (5), (4) = (5), (5) = (6). From Lemma 2.13. 
(6) > (7). From Lemma 2.14. 

(7) = (1). 


X. Since f is a o-map, M has a base B such that f(B) is a o-locally finite collection of subsets 


Let f : M — X bea sequentially-quotient o-map from a metric space M onto 


of X. On the other hand f is sequentially-quotient, f(B) is a o-locally finite cs*-network for 
X. It implies that X is an N-space. 

Next we give a necessary and sufficient condition such that f is a pseudo-sequence-covering 
map. 

Theorem 2.24. Let (f,M,X,P) be a Ponomarey-system, then the following are equiva- 
lent. 

(1) f is a pseudo-sequence-covering map, 

(2) P is a strong cs*-network for X. 

Proof. (1) = (2). Let S be a convergent sequence in X, we shall prove that there is 
a countable subfamily Ps of P such that Pg is a cs*-network for S in X. Indeed, since f is 
pseudo-sequence-covering, there exists a compact subset K in M such that S = f(K). Put 


A =U{pn(K) : n € N}, where every pp : II T, — [Tp is a projection, then A is countable. Let 
neN 


Ps={() Ps: ACA,A is finite}. 
BEA 
Since P is closed under finite intersections, Pg is a countable subfamily of P. We shall prove 
that Ps is a cs*-network for S in X. Let L be a convergent sequence in S converging to 
xz € SOU with U open in X. As in the proof of Lemma 2.14, there exists a convergent 
subsequence T C K in M such that f(T) is a convergent subsequence of L. We get that T 
converges to b € f-t(x) Cc f-1(U). Let b = (G,). For each n € N put 


Un = {c= (yi) € M: y= Gi; for all i < n}. 


It follows from Lemma 2.18 that {U, : n € N} is a base at b in M. Since T converges to 
be f-1(U) which is open in M, T is eventually in some U, with U, Cc f~!(U). Therefore L 
is eventually in f(U,) C U. From Lemma 2.18 f(U,) = a P3,, and moreover () P3, is an 


j=1 i=1 
element of Ps, we get that Ps is a cs*-network for S in X. 


(2) = (1). Let S = {a,, : m € w} be a convergent sequence in X converging to xp. We 
shall prove that S = f(4) for some compact subset K in M. Assume that all «,,’s are distinct. 
Since P is a strong cs*-network for X, there exists a countable subfamily Ps of P such that Pg 
is a cs*-network for S. It follows from Lemma 2.4 that there exists a subfamily F of Ps such 
that F has property cs*(S, X). Since Ps is countable, {F C Ps : F has property cs*(S,X)} is 
countable by finiteness of F. Put 


{F CP: F has property cs*(S,X)} ={F,:n € N}, 
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and put F, = {Pg : 6 € A,} for every n € N where A, is a finite subset of I',. 
Put 
K = {b= (Gn) € [] An: () (Ps, 9S) 9}. 
neNn nen 
Then we have that. 
(a) K CM and f(K) CS. 


Let b = (6,) € K, then ia (Pg, 1S) #0. Thus there is x, € S such that vm € () Pe. 
neN 
We shall prove that {Ps, : n . N} is a network at x, in X. Indeed, let U be an any open 


neighborhood of #» in X. We consider two following cases. 

(i) Lm = Zo. 

We get that UMS is a convergent sequence in X and (UMS) Cc U. It follows from 
Lemma 2.4 that there exists a subfamily F of Ps such that F has property cs*(UNS,U). Since 
S—(UNS) is finite, S— (UNS) = {ap, :i=1,--- ,1} for some 1 € N. For every i= 1,--- ,], 
note that X — (S — ({a#,,})) is an open neighborhood for x, in X, there exists P; € Pgs such 
that ,, € P; C (X — (S$ — {#n,})). It is easy to see that F U{P,: i =1,...,1} has property 
cs*(S,X). So there exists k € N such that FU{P, : i =1,...,1} = Fy. Since xo ¢ P; for 
alli =1,...,l and x € Ps, © Fr, then Pg, € F. Note that F has property cs*(SMU,U), 
Ps, CU. It implies that rm € Pg, CU. 

(ii) Gm A Lo. 

We get that S — {x,,} is a convergent sequence in X and S — {tm} C X — {am} with 
X — {2%} open. It follows from Lemma 2.4 that there exists a subfamily F of Ps such that F 
has property cs*(S — {am}, X — {am}). Note that (U — (S — {a })) is an open neighborhood 
of %m, so there exists P,, € Ps such that rm € Pm C (U —(S— {atten b)) Cc U. It is easy to see 
that F U{P,,} has property cs*(S, X). So there exists k € N such that FU{P,} = Fp. Since 
Lm ¢ F for every F € F and x € Pe, € Fx, then tm € Ps, = Pm CU. 

From the above arguments (i) and (ii) we get that {Ps, :n € N} is a net work at x, for 
every m € w. It implies that b € M and f(b) =am € S,ie, K C M and f(K) CS. 

(b) Sc f(kK). 

Let « € S. For every n EN, pick B, € A, such that « € Pg, then x € () (Pe, 1S) #0. 


neNn 
Put b = (Z,,), then b € K. Using the argument in (a) we get x = f(b). It implies that S Cc f(K). 


(c) K is a compact subset of M. 


Since K is a subset of II A,, and II A, is a compact subset by finiteness of each A,, it 
nen neN 
suffices to prove that K is closed in II An. Let b = (Bn) € UJ A, — K, then () (P3,,NS) = 0. 


néN eN nen 
Note that Pg, 9S is closed De property cs*(5, X) of Fy, for every n EN. Since S is compact 


in X and ()( Pz, 1S) =, q (Pz,, 1S) = 0 for some no € N. Put 


neN n=1 


W = {c= (qn) € [] An: in = bn ifn < no}, 


neN 


then W is an open neighborhood of 6 in Il A, with WO K =. So K is a closed subset of 
neNn 
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II A, It implies that K is compact. 
neN 
From (a), (b) and (c) we get that S = f(A) with K compact in M. It implies that f is a 


pseudo-sequence-covering map. 

In the following part, we give a necessary and sufficient condition such that f is a subsequence- 
covering map or a sequentially-quotient map. 

Theorem 2.25. Let (f,M,X,P) be a Ponomarey-system, then the following are equiva- 
lent. 
1) f 
2) f 

) 


3) P is a pseudo-strong cs-network for X, 


( is a subsequence-covering map, 
( is a sequentially-quotient map, 
( 
(4) P is a pseudo-strong cs*-network for X. 

Proof. (1) > (2). From Lemma 2.14. 

(2) = (3). Let S be a convergent sequence in X, we shall prove that there is a countable 
subfamily Ps of P such that Pg is a cs-network in X for some subsequence T of S. Indeed, 
since f is sequentially-quotient, there exists a convergent sequence C' in M such that T = f(C) 


is a convergent subsequence of S. Put A = Uf{pn(C) : n € N}, where every pp, : II Tn —-Tn 


neN 
is a projection, then A is countable. Let 


Ps={() Pa: ACA,A is finite}. 
BEA 
Since P is closed under finite intersections, Ps is a countable subfamily of P. As in the proof 
(1) = (2) of Theorem 2.19 we get that Pg is a cs-network for T in X. It implies that P is a 
pseudo-strong cs-network for X. 

(3) +(4). From Remark 2.6. 

(4) >(1). Let S be a convergent sequence in X, we shall prove that there is a compact 
subset K in M such that f(4) is a convergent subsequence of S. Indeed, since P is a pseudo- 
strong cs*-network for X, there exists a countable subfamily Ps of P such that Pg is a cs*- 
network in X for some convergent subsequence T of S. As in the proof (2) = (1) of Theorem 
2.24 we get that there is a compact subset K in M such that f(K) = 7. It implies that f isa 
subsequence-covering map. 

By Theorem 2.24 and Theorem 2.25 we get a nice characterization of pseudo-sequence- 
covering (subsequence-covering, sequentially-quotient) s-images of metric spaces as follows. 

Corollary 2.26. The following are equivalent for a space X. 

(1) X is a pseudo-sequence-covering s-image of a metric space, 

(2) X is a subsequence-covering s-image of a metric space, 

(3) X is a sequentially-quotient s-image of a metric space, 

(4) X has a point-countable cs*-network. 

Proof. (1) > (2). From Lemma 2.13. 

(2) = (3). From Lemma 2.14. 

(3) => (4). Let f : M — X be a sequentially-quotient s-map from a metric space M 
onto X. Since M is metric, M has a o-locally finite base B. Then f(B) is a point-countable 
cs*-network for X. 
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(4) = (1). Let P be a point-countable cs*-network for X. It follows from Remark 1.7 that 
the Ponomarev-system (f, /,X,P) exists. By Lemma 2.11, P is a strong cs*-network for X. 
From Theorem 2.24 and Lemma 2.15 we get that f is a pseudo-sequence-covering s-map. It 
implies that X is a pseudo-sequence-covering s-image of a metric space. 

From Corollary 2.26 we get a nice characterization of pseudo-sequence-covering quotient 
s-images (quotient s-images) of metric spaces due to [6] and [13] as follows. 

Corollary 2.27. {[6], Theorem 6.1 and [13], Theorem 2.3} The following are equivalent 
for a space X. 

(1) X is a pseudo-sequence-covering quotient (resp., pseudo-open) s-image of a metric 
space, 

(2) X is a quotient (resp., pseudo-open) s-image of a metric space, 

(3) X is a sequential (resp., Fréchet) space having a point-countable cs*-network. 

Finally we consider a particular case when M is separable. 

Lemma 2.28. Let (f, M, X,P) bea Ponomarev-system, then the following are equivalent. 

(1) M is separable, 

(2) P is countable. 

Proof. (1) = (2). If P is not countable, then T is uncountable. For each @ € T put 
Ug = {c= (wm) € M: m = GB}. Then each Ug is a non-empty open subset of M. We shall 
prove that {Ug : @ € T} covers M. Indeed, if ¢ = (y) € M, then {P,,:n EN} C Pisa 
network at f(c). Pick 6 =y, €T) =I then c € Ug. It implies that {Ug : 6 € T} is an open 
cover for M. Since M is separable, {Ug : @ € T} has a countable subcover. It is a contradiction 
because Ug MU = @ whenever 6 # 7. 

(2) = (1). Obviously. 

From the above we get a mapping theorem on No-spaces which belongs to [4]. 

Corollary 2.29. {[4], Theorem 12} The following are equivalent for a space X. 

1) X is an No-space, 
X is a sequence-covering, compact-covering image of a separable metric space, 


X is a compact-covering image of a separable metric space, 


( 

(2) 

(3) 

(4) X is a sequence-covering image of a separable metric space, 

(5) X is a pseudo-sequence-covering image of a separable metric space, 
(6) X is a subsequence-covering image of a separable metric space, 

(7) X is a sequentially-quotient image of a separable metric space. 

Proof. (1) > (2). Since X is an No-space, X has a countable cs-network Q and a countable 
k-network R. Note that all elements of Q and R can be chosen closed. Put P = QUR, then P 
is a countable cs- and k-network for X. It follows from Remark 1.7 that the Ponomarev-system 
(f, M, X,P) exists. Since P is countable, M is separable by Lemma 2.28. From Lemma 2.9, P 
is a strong cs-network for X. Hence f is a sequence-covering map by Theorem 2.19. On the 
other hand, P is a countable closed k-network, P is a cfp-network for X. Hence f is a compact- 
covering map by Corollary 2.16. It implies that f is a compact-covering and sequence-covering 
map from a separable metric space M onto X. 

(2) => (3), (2) = (4). Obviously. 

(3) > (5 ), (4) = (5), (5) => (6). From Lemma 2.13. 
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(6) = (7). From Lemma 2.14. 

(7) > (1). Let f : M — X be a sequentially-quotient map from a separable metric space 
M onto X. Since M is separable metric, M has a countable base B. Then f(B) is a countable 
cs*-network for X. It implies that X is an No-space. 

Remark 2.30. If one of the above results contains “point-countable” and “s-image”, then 
it is possible to replace them by “point-finite’ and “compact image”, “compact-countable” 
and “cs-image”, or “locally countable” and “strong s-image” respectively. Therefore we get 
characterizations of compact images of metric spaces, characterizations of cs-images of metric 


spaces, and characterizations of strong s-images of metric spaces. 
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Abstract. A bitopologiacl space (X,Tp, Tq) generated by probabilistic-quasi-pseudo-metric 
P is quasi-pseudo-metrizable if and only if there exists a quasi-pseudo-metric which induces 
those two topologies. In this paper, we consider a problem of quasi-pseudo-metrization of 
PqpM-spaces. 
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81. Introduction 


A topological space (X,7) is said to be metrizable if there exists a metric d: X? > R 
which generates a topology Tq equivalent to T. 


For PqpM-spaces (X, P, *), the problem leads to finding a quasi-pseudo-metric p: X? > R 
such that it induces a topology T, equivalent to T’p and its conjugate quasi-pseudo-metric q 
generates a topology T, equivalent to Tg. In other words, a bitopological space (X, Tp, Tq) is 
quasi-pseudo-metrizable if and only if there exists a quasi-pseudo-metric p which induces those 
two topologies. 

In section 2, we define the so-called (PE)-spaces and show their properties. Also, we show 
that a (PE)-space generates a quasi-uniform structure on the underlying set (cf., Fletcher and 
Lindgren [1]), which is quasi-pseudo-metrizable. 

Next, we establish a number of relationships between (PE) and PgpM-spaces. 

In section 3, some conditions for the quasi-pseudo-metrizability of a PqpM-space are given. 

Finally, in section 4, we consider the problem of pseudo-metrization in PqpM-spaces. 


§2. Preliminaries 


We shall now consider functions defined on the extended real line R with values in the 
complete lattice (I,<). Note that the family (I®,<) is also a complete lattice. The following 
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subsets of J® will be used in the sequel 

A(R) ={Fe I®: F is nondecreasing, left-continuous on R, 
F(—co) =0 and F(+o00) = 1}, 
U(R) = {ug € A(R); Ua = 1(a,400) for any a € R}. 


Note that u_.. is the greatest element in A(R) and u4.o is the smallest in it. Furthermore, 

we define _ 
AT(R) = 
A*(R)= 


The family A*(R) is a sublatices at A(R) with the bounds uy_,,} and up. 


Definition 2.1. Let (S,<,0,1) be a set partially ordered with bounds 0 and 1. A function 
* : 9% — § is called a ts-norm it the following condition holds: for all a,b,c,d € S, 

(S1) axb=bxa, 

(S2) axl=a, 

(S3) (a*« b) x*c=ax(bx«c), 

(S4) ax b <c*d whenever a < cand b < d. 


Let T(S,*) denote the family of all ts-norm * on the set S. Then the relation < defined 
by the formula: 
xp Sky SS a4, b0<axb, VadeEeS, (2.1) 


is a partially order in the family T(S, «). 
Second relation in the family T(.S,«) is defined as follows: 


#1 > *q <> ((a *2C) #1 (D¥2 d) > ((@*1 D) #2 (C#1 d)), Va,b,c,d€ 8. 


By putting b = c = 1 in (2.1), we obtain a *; d > a*2d for a,b € S and hence *; > *2 
follows. Thus we know that *, >> x2 implies *; > *o. 

According to the Definition 2.1, a ty-norm (see [2] and [3]) T : J? — I is in interval 
I = [0,1] an abelian semigroup with unit, and the t;-norm T is nondecreasing with respect to 
each variable. 


Definition 2.2. Let T be a ty-norm. 

(1) T is called a continuous ty-norm if the function T is continuous with respect to the 
product topology on the set I x I. 

(2) T is said to be left-continuous if, for every x,y € (0, 1], the following holds: 


T(x,y) =sup{T(u,v):0<u<2,0<v< y}. 
(3) T is said to be-right-continuous if, for every x,y € [0,1), the following conditions holds: 


T(x,y) =sup{T(u,v):a<u<l,y,v <1}. 


18 Yeol Je Cho, Mariusz T. Grabiec and Reza Saadati No. 1 


We shall now establish the notation related to a few most important t;-norm defined in 
Definition 2.2: 
(1) M(a,y) = min(a,y), for all x,y € I. M is continuous and positive. 
(2) I(z,y) =a-y,2,y € I. w is strictly increasing and continuous. 
(3) W(a,y) = max(a# + y — 1,0) for all 2, y € I. W is continuous ¢;-norm. 
a, ifeelTandy=T7, 
(4) Z(z,y)=4y, ife=landye], 
0, if z,y € (0,1). 


The function Z is right-continuous, but it fails to be left-condition. We give the following 


relations among ty7-norms defined above: 


M>IU>weZ, (2.2) 
M>I>w>Z (2.3) 


We shall now present some properties of the ts-norm defined on At(R). According to 
Definition 2.1. the ordered pair (At, *) is an abelian semigroup with the unit uo € A* and the 
operation «: At x At — A* is a nondecreasing function. We notes that too € AT is a zero 
A*. Indeed, by (S4) and (S2), we obtain 


Uso < Uso * F < Uso ¥UQ = Uso, VE EAT. 
Let T be a left-continuous t7-norm. Then the functiona II: At x At — A? defined by 
T(F,G)(t) = T(F(t), G(t)), Vt € [0, +00) (2.4) 


is a {a+-norm on the set AT. 
For every ta+-norm *, the following inequality holds * < M, where M is the t7-norm of 
(1). 


If T is left-continuous t;-norm, then the function «7 : At x At — A* defined by 
F xp G(t) = sup{T(F(u), G(s)):ut+s=t,u,s > 0} (2.5) 


is a {a+-norm on AY. 

Let T be a continuous t7-norm. Then the ta+-norms *7 and T are uniformly continuous 
on (At, dz), where dz is a Modified Lévy metric (see [7, Definition 4.2.1]). 

We finish this section by showing a few properties of the relation defined in Definition 2.2 
in the context of ta+-norms. It T, and T> are continuous t;-norms, then 


Ti >To = +7, > *¥nr.- (2.6) 


If T is a continuous ¢y-norm and T is the ta+-norm of (2.5) then, 
(i) T > +r, 
(ii) MM > x for all ta+-norms *. 
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§3. Probabilistic-quasi-pseudo-metric space (PqpM-space) 


Definition 3.1. Let X be a nonempty set, P : X? — D and T in the ty-norm. The triple 
(X, P,T) is called a quasi-pseudo-Menger space if it satisfies the following axioms: 

(M1) Pre = uo for all x € X, 

(M2) Pyz(ti + te) > T(Pry(ti), Pyz(t2)) for all z,y,z € X and ty, te > 0. 

If P satisfies also the additional condition: 

(M3) Pry A uo if « A y, the (X, P,T) is quasi-Menger space. 


Moreover, if P satisfies the condition of symmetry Pz, = Pyz, then (X,P,T) is called a 
Menger-space. 


Definition 3.2. Let (X,P,T) be a probabilistic quasi-Menger space (PqM) and the 
function Q : X? — D be defined by 


Qay = Pyz, Vt,ye X. 


Then the ordered triple (X,Q,T) is also PqM-space. The function Q is called a conjugate 
Pqp-metric of the P. By (X, P,Q,T) we denote the structure generated by the Pgp-metric P 
on X. 


Definition 3.3. ((2]) By probabilistic quasi pseudo-metric space (PgqpM-space), we mean 
an ordered triple (X,P,*), where X is a nonempty set, the operation * is a ta+-norm and 
P: X? — D satisfies the following conditions: for all x,y,z € _X, 

(P1) Pro = Uo, 

(P2) Prz > Pry * Pyz. 

Generally, P is called a Pqp-metric. If P satisfies also the additional condition: 

(P3) Poy A uo if « A y, then (X, P,*) is called a probabilistic quasi-metric space (PqM- 
space). 

Note that if, moreover, P satisfies the condition of symmetry 

(P4) Pry = Pyz, for all x,y € X, then (X, P,*) is a probabilistic metric space (PM-space). 


Definition 3.4. Let (X,P,*) be a PqpM-space and the function Q : X? — D be defined 
by 
Qay = Pyz, Vat,y Ee X. 


Then the triple (X, Q, x) is also a PgpM-space. The function Q is called a conjugate Pgp-metric 
of the P. Let P(X,T,Q,*) denote the structure generated by the Pgp-metric P on X. 


Definition 3.5. Let (X, P,*) be PqpM-space. For all x € X and t > 0, a P-neighborhood 
of the point x is the set 


UP (t) = {ye X : Pry(t) > 1—th = fy € Xs dr (Peyyo) < th. (3.1) 


Theorem 3.6. Let (X,P,*) be PgpM-space ander a uniformly continuous ta+-norm *. 
Then the family {U?(t) :t € R*}rex forms a complete system of neighborhoods in X (topolog 
Tp on X). 
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Also, the Pgp-metric Q which is a conjugate of P generate a topology Tg. Thus the natural 
topological structure associated with a Pgp-metric is a bitopolocal space (X, Tp, TQ). 


Lemma 3.7. Let (X,P,Q,7) be a structure defined by a Pgp-metric P. Suppose that 
T > * and then function F? : X? — A? is defined by 


Fry = PeyTQey Va,y € X. (3.2) 


Then the ordered triple (X, F7,*) is a Probabilistic pseudo Metric-space. If additionally P 


satisfies the condition: 


then (X, F7,*) is a probabilsitc metric space. 


Remark 3.8. For an arbitrary At-norm *, we know that M > 7 and we have 
Bea Ga), Vaue X (3.4) 


The function F™ will be called the natural probabilistic pseudo-metric generated by the Pqp- 
metric P. It is the “greatest” among all the probabilistic pseudo-metrics generated by P. 


§4. Properties of (PE)-spaces 


Definition 4.1. (Fletcher and Lindgren, [1]) A quasi-uniform structure on a nonempty 
set X is a filter U in X x X satisfying the following conditions: 

(a) Each element U € U includes the set A = {(z,x): a € X}, 

(b) For every U € U, there exists V € U such that VoV CU. 

The pair (X,U) is called a quasi-iniform space. 


If U is a quasi-uniform structure in X, then the family U-! = {U~! : U € U} is also 
a quasi-uniform structure in X which is a conjugate of U. A quasi-uniform structure U is a 


uniform structure if U = U—!. 


Definition 4.2. (Fletcher and Lindgren, [1]). A subfamily B of U is called a base of the 
quasi-uniform structure if, for all U € U, there exists a V € B such that V CU. 

A subfamily S C U is called a subbase of U if the family of all finite intersections Uy) NU, N 
--- Ux, where U; € S for i= 1,2,--- ,k, is a base of U. 


Example 4.3. The discrete quasi-uniformity on a set X in fact a uniformity: It is the 
quasi-uniformity D induced by the basis consisting of the diagonal set of X x X only. Generally, 
finite sets are implicitly equipped with the discrete uniformity. 

A basis of a quasi-uniformity is symmetrical if all its elements are symmetrical. The 
quasi-uniformity generated by a symmetrical basis is actually a uniformity. If B is a basis of 
a quasi-uniformity U, the entourages U* for U € B form a symmetrical basis of a uniformity 
U* which is the smallest uniformity containing YU. In particular U* is also generated by the 
entourages U* for U €U. 


Vol. 5 Quasi—Pseudo—Metrization in PgpM—Spaces 21 


Let (X,U) be a quasi-uniform space. The intersection <z, of the elements of U/ forms a 
reflexive transitive relation on X that is a quasi order. We also denote by U the equivalence 
relation on X associated with the quasi order <j and given by x #y y if and only if x <yy 
and y <yx. If YU is a uniformity then <y, and Sy coincide. 

If (X,U) and (Y,V) are quasi-uniform spaces, a mapping f : X — Y is said to be (U, V)— 
uniformly continuous (or uniformly continuous if there is no ambiguity) if, for each entourage 
V € Y, there exists an entourage U € UY such that 


(x,y) €U = (f(a), F(y)) € V. 


In particular, such a mapping is monotonous if 


z <u y= f(x) Sy fly). 


For each x € X, let 
U, = {U(x):U EU}. 


There exists a unique topology on X, called the topology induced by U, for which U, is the filter 
of neighborhoods of x for each « € X. Note that this topology is not necessarily Hausdorff: if the 
pair (x,y) of elements of X lies in each entourage U, that is, « <y y, then each neighborhood 
of x contains y. 

We implicitly assume that the set X xX is endowed with the product topology. 

Let (X,U) be a uniform space. A filter F on X is a Cauchy filter if for each entourage 
U €U there exists F € F such that Fx F € V The uniform space (X, U) is said to be complete 
if each Cauchy filter on X is convergent. The Hausdorff completion (x U ) of a uniform space 
(X,U) and the uniformly continuous mapping on X are uniquely defined up to isomorphism 
by the following universal property: every uniformly continuous mapping f from (X,U/) into 
a Hausdorff complete uniform space (Y,2/) induces a unique uniformly continuous mapping f: 
X —Y such that f(x) = f(x) for all x € X. 


Let us now consider a quasi-uniform space (X,U/). We define the Hausdorff completion 
(Xv) of (X,U) to be the Hausdorff completion of the uniform space (X,U*). 

Definition 4.4. A pair (X, £) is called a probabilistic E-space (shortly, (PE)-space) if 
X is a nonempty set and E : X? — A?* is a function which satisfies the following conditions: 
for all x,y,z € X, 


E(x,x) = uo, (4.1) 
For each t > 0, there exists k > 0 such that, if E,y(k) >1—k (4.2) 
and E,.(k) > 1—k, then E,,(t) > 1—t. 


Theorem 4.5. Let (X,E) be a (PE)-space. Then the family B = {U(t) : t > 0}, where 
U(t) is defined by 
U(t) = {(v,y) € X?: Exy(t) > 1-4, (4.3) 


is a base of a quasi-uniform structure on X. 
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Proof. For every t > 0, by (4.3), the diagonal A is a subset of U(t). Next, let 0 < ty < te 
and let (x,y) € U(t1). By (4.2) and the fact that E,, € At is nondecreasing, we infer that 


ja) ee re a ee 


Thus we have (x, y) € U(t2), which implies that U(t1) C U(t2). 
Finally, for all t,,t2 > 0, we obtain 


U(min(t1, ta)) _ U(t1) ia U(t2). 
It follows directly from (4.2) that, for each t > 0, there exists k > 0 such that 
U(k) oU(k) C U(t). 


Thus the condition (b) of Definition 4.1 holds true. This completes the proof. 


Corollary 4.6. If U is a quasi-uniform structure with a base B defined in Theorem 4.1, 


1 
Boo = {u(=) :neNh, 
n 
where U(+) is defined by (4.3), is a countable base of U. 
Proof. It suffices to observe that, for every t > 0, there exists n € N such that 


then the family 


1 
U(-) cu). 
~) cU(t) 
Indeed, for every t > 0, there exists a natural number n such that 
1 
t>-. 
nr 


Since the functions E,, € At are nondecreasing, we have 


This means that, if (7,y) € U(+), then it also belongs to U(t), which shows that 


1 
u(-) CU(t), Vt>0. 
This completes the proof. 
Lemma 4.7. Let (X,E) be a (PE)-space and let E~' : X? — A* be defined by 


E-‘(a,y) = Ely, x)Vz,y € X. 


Then (X,E~') is also a (PE)-space that generates a quasi-uniform structure U~! which is a 


conjugate of U. A base of this structure is a countable family B5/ consisting of the sets of the 
form U~1(+), where U(4) € Bao. 


n 


Lemma 4.8. Let (X,E) be a (PE)-space and let E V E~! : X? — A* be given by 


EV E-\(z,y) =min(E(z,y),E7(a,y)), Va,y eX. 
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Then the pair (X,E V E~') is a (PE)-space satisfying the symmetry condition, i.e., for all 
xyeX, EVE V'M(2,y)=EVEV'(y,x). Thus EV E~! generates a uniform structure on X 
for which the family BU B~! is a countable base. 


Remark 4.9. Note that, in the proofs of Theorem 4.5 and Lemma 4.8, we have used the 
monotonicity of H,,. However, we have not utilized the left-continuity of these functions. We 
thus conclude that the codomain of EF of Definition 4.4 can be extended to the family Af of all 
nondecreasing functions F’: [0,-+oo] — [0,1] such that F(0) = 0 and F(oo) = 1. The obtained 
function E : X? — Af also generates some quasi-uniform structure on X. 


Theorem 4.10. Let U be a quasi-uniform structure defined by a (PE)-space (X, E). 
For all x € X and U €U, let U[x] = {y © X : (x,y) € U}. Then the family 


Te ={GCX: for each x € G, there exists U € U such that U[z] c G} 


forms a topology on X. The family 


Br ={GcCX: for each x € G, there is U(t) € B such that U(t)[z] c G} 


is a base of the topology Tz. 
Proof. By the definition of Tz, it follows that a union of an arbitrary subfamily of Tz 
belongs to Tg. If G1,G2 € Tg and x € G, 1 Gz, then there are U;,U2 € U such that 


U; [a] Cc Gi, U2[a] C Go. 
By Definition 4.1, it follows that 
U=U,NU2 €U. 


Since U[a] = U, N U2[a]N Gi N Go, we have 
Gi NG € TE, 


which implies that Tg is a topology on X. 
The second part of the proof immediately follows from the definition of a base of a topo- 
logical space and from Definition 4.2. This completes the proof. 


Theorem 4.11. Every quasi-uniform structure U generated from a space (X, F) is quasi- 
pseudo-metrizable. This means that there exists a quasi-pseudo-metric p which generates a 


quasi-uniform structure U. 


Proof. By Corollary 4.6, U has a countable base B,.. The assertion now follows directly 
from a theorem by ([3], Theorem 13). 


Remark 4.12. If p is a quasi-pseudo-metric which generates a quasi-uniform structure U, 
then the conjugate structure U~! generates a quasi-pseudo-metric q which is a conjugate of p. 
The uniform structure UV U~! of Lemma 4.8 generates a pseudo-metric p V q = max(p,q). It 
follows that, if U= U~', then the generating function is a pseudo-metric. In (PE)-spaces, this 
holds if and only if F satisfies the symmetry condition. 
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85. Relationships between (PE) and PqpM-spaces 
Relationships between probabilistic quasi-pseudo-metric spaces and probabilistic E-spaces 
are given by the following theorems. 


Lemma 5.1. Let (X,P,T) be a quasi-pseudo-Menger space. Let the t;-norm T' satisfy 
the condition: 
sup{T(a,xz):a<1}=1. (5.1) 


Then (X, P) is a (PE)-space. 
Proof. Let t > 0. Then, by (5.1), there is k < § such that 
Tih") Sis 


By (P2), we get 


Boer (. Pa) 
> T(Pey(k), Pyz(k)) 


> T(1—k,1—k) 
>1-t. 


This means that (2.3.2) holds true. Hence (X, P) is a (PE)-space. This completes the proof. 


Lemma 5.2. Let (X, P,*) be a PqpM-space. Assume additionally that the ta ,-norm * 
is continuous at the point (uo, uo). Then (X, P) is a (PE)-space. 


Proof. It suffices to verify the triangle condition. Let t > 0. Then there exists k > 0 such 
that 
dr (Gy * G2, Uo) <t 


whenever 


dr (G1, uo) <k 


and 
dr (Go, uo) <k. 


Then, by (P2) and (2.5), we infer that 
dg| Poy # Pygs tig) <1. 


This completes the proof. 


An immediate consequence of Theorem 4.11 and Lemma 5.1 as well as of the Remark 4.12, 
we have the following: 


Theorem 5.3. Let (X,P,*) be a PqpM-space with ta+-norm * being continuous at 
(uo,uo) € At x At. Then the bitopological space (X, Ty, Ty-1) generated from a quasi-uniform 
structure U is quasi-pseudo-metrizable. The topological space (X,Tyyy-1) generated from the 


uniform structure U V U~! is pseudo-metrizable. This means that, if a quasi-pseudo-metric p 
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induces the topology Ty, then the quasi-pseudo-metric g, which is a conjugate of p, induces 
Ty-1- 


Lemma 5.4. If (X,P,T) is a quasi-pseudo-Menger space, then the bitopological space 
(X, Ty, Ty-1) is quasi-pseudo-metrizable whenever the t-norm T satisfies the condition (5.1). 


Remark 5.5. Note that (3.1) and (4.3) yield the equality 
NP(t) =U(t)[a], Vt> 0. 


We thus infer that the bitopological spaces (X,Tp,Tg) and (X, Tu, Ty-1) defined, respectively, 
in Theorem 5.3 and Lemma 5.4 are identical and so we can replace the continuity assumption 
about the ta+-norm * by the continuity assumption at the point (uo, uo). 

On the other hand, as demonstrated by Mu&tari and Serstnev ([5, Counterexample 6) for 
probabilistic metric spaces, if the ta+-norm is not continuous at (uo, uo), then the family of 


sets defined in (3.1) does not determine a topology on X, i.e., the following condition fails: 


For each y € NP (t), there exists NP(t,) such that 


NP (t1) C NP (Et). 


Definition 5.6. For a probabilistic quasi-pseudo-metric space (X,P) and s,t > 0, we 
define a subset of X? by 


UP (s,t) = {(x,y) € X? : Pey(s) > 1—¢}. (5.2) 


Theorem 5.7. Let (X, P) be a probabilistic quasi-pseudo-metric space. Then the “quasi”- 
ty-norm Tpyg = M(Tp,Tg), where Tp = I? > I is defined by 


Tp(a,b) = inf{P,2(41 + 2): Pry(ti) > @, Pyz(ta) > b} 
and for all t7-norms T’ < Tpyg has the property: 
sup{Tpyg(t,t):0<t<1}=1 
if and only if, for each t > 0, there is t; > 0 such that, for all s,,s2 > 0, 


UP (s1,t1) fe) U? (so, t1) Cc UF (sy + $2, t). (5.3) 


Proof. For arbitrary t > 0, we select t; > 0 such that 
Tpyg(1 —t,,1- t1) >1-t. 
Next, suppose that P,,(s) > 1—t; and Py,(s2) > 1—t,. Then, for Tpyg, we obtain 


Py2(S1 + 52) = Two Fey ( Sh) Pyz(82)) 
> Tevg(1 — t1,1 — t1) 
>1-t. 
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On the other hand, for any t > 0, by (5.3), choose t; > 0. Then, for each t; > k > 0, let 
Pyy(s2) > 1—k and Py,(s2) > 1—k. Then we have 


P,zz(s1 + 82) >1—t. 
Hence, by Lemma 5.1, we have 
Tpyg(l—k,1—k) >1-t. 
This completes the proof. 


Theorem 5.8. If (X,P) is a statistical quasi-pseudo-metric space, then the family U = 
{UP (s,t) : s,t > 0} is a base of a quasi-uniform structure on X if and only if, for each pair 
(s,t), there exists a pair (s1,t1) such that 


UP (s1,t1) o UP (s1,t1) Cc UP (s,t). (5.4) 


The fact that the quasi-uniform structure generated by U has a countable base yields the 
following: 


Corollary 5.9. A quasi-uniform space (X,U) generated by a statistical quasi-pseudo- 
metrizable if and only if the condition (5.4) holds. 


Remark 5.10. Let (X,P) be a statistical quasi-pseudo-metric space. Then the quasi- 
uniform structures generated by bases defined in (4.3) and (5.2) are equivalent. 
Indeed, we have 


UP (t,t) =U(t), U(min(s,t)) C UP(s,t), Vs,t > 0. 


Remark 5.11. The following example shows that the condition (5.4) is essentially weaker 
than the condition (5.2). Let X = [0,1] and P: X? — A? be given by 


ui, if~=Oandz ; 
ee ae -y 
Ule—y|, otherwise. 


1 
Let s= a and t > 0. Then, for « = 10 and z = 1, we have 


and 


P, (0,6) = ui (0,6) = 1. 


1 
2 
However, we have 


Fal a «) = us (0,8) =0. 


Thus (5.3) does not hold. 
Now let s > 0 and t > 0. It suffices to select numbers s; > sg and ¢; = ¢ in order for (5.4) 
to hold. Thus (X, P) is a (PE)-space by Remark 5.11. Notice also that (X, P) fails to be a 


statistical quasi-pseudo-metric space. 
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§6. Pseudo-metrization in PqpM-spaces 


The problem of pseudo-metrization of probabilistic quasi-pseudo-metric spaces is charac- 
terized by the following result, which is a consequence of Theorem 5.3. 


Theorem 6.1. Let (X, P,*) be a PgpM-space such that P satisfies the symmetry condi- 
tion and the t,+-norm * is continuous at (uo, uo). Then the topology T,, is pseudo-metrizable. 
The topology Tp is metrizable if the function P satisfies the condition (P3) of Definition 3.3. 


Proof. If P is symmetric, then we have the quasi-uniform structure U = U~! and U = 
UV U"!. The assertion is an immediate consequence of Theorem 5.3. For the proof of the 
second part of the theorem, notice that it follows from Definition 3.1 that x # y if and only if 
Pry # uo. This means that 

(\u@=sa. 
t>1 

Indeed, let x 4 y. Then we have 


dr(Pry; Uo) =t,> 0, 


which implies that (x,y) ¢ U(t,) and hence (x,y) does not belong to (),,, U(t). It follows that 
U is a Hausdorff uniform structure. Thus the topology generated by it is a Hausdorff topology. 
This completes the proof. 


Remark 6.2. A metrization theorem for Menger spaces was proved by Schweizer and 
Sklar [6, Theorem 2]. Such a theorem for probabilistic metric spaces with a continuous t;-norm 
* goes back to Schweizer and Sklar [7, Theorem 12.1.6, p. 194]. 


Theorem 6.3. Let (X, P,*) be a PgpM-space such that the ta+-norm * is continuous at 
uo, Ug). If the topology Tp is stronger than Ty, then (X, 7p) is pseudo-metrizable. 
g Q 


Proof. Let Tpyg be the topology generated by the probabilistic pseudo-metric Fpyq. 
Topology Tpyg is the smallest topology containing Tp and Tg. Thus we have 


Tp = Tpvq: 
The assertion now follows immediately by the Definition 5.6. This completes the proof. 


Theorem 6.4. Let (X, P,*) be a PqpM-space such that the ta+-norm * is continuous at 
(uo, Uo). If P satisfies the condition: 


If Pra = uo, then Qz4 = up for any x € X and AC X, (6.1) 


then (X, Tp) is pseudo-metrizable. 

Proof. Let A be Q-closed and let z € A’. Then we have P,4 = Uo. By (6.1), it follows 
that also Qz4 = uo, which means that x € A? = A. We infer that each Q-closed set A is P- 
closed. Thus Tp is stronger than Tg. The assertion follows from Theorem 5.8. This completes 
the proof. 


Theorem 6.5. Let (X,P,*) be a PqpM-space such that the ta+-norm * is continuous 
at (uo, uo). If g2 : X — [0,1] defined by g.(y) = dz(Pry, uo) is Q-continuous, then the space 
(X, To) is pseudo-metrizable. 
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Proof. If gz is Q-continuous, then N?(t) € Tg. Then Tg is stronger than Tp by applying 
Theorem 5.8. 


Theorem 6.6. Let (X, P,*) be a PqpM-space such that the t,+-norm * continuous. Then 
(X, Tp) is metrizable provided that (X,Tg) is compact. 

Proof. Let G be a Q-open set and take y € G. The bitopological space (X, Tp, Tq) 
generated by the probabilistic quasi-metric P is a pairwise Hausdorff space (see [8]). This 
means that, for every x € X — G, there exist a @-open set U and a P-open set V such that 


zeu, yEeV, UNV=9. 


Observe that the family {U : x € X —G} is a Q-open cover of x—G. By our assumption, there 
exists a finite subcover {U;,--- ,Un}. Let V=(\{Vi :i=1,--- ,n}. Then we have ye V CG. 
Thus every @-open set is also P-open, i.e., T’p is stronger than Tg. The assertion now follows 
from Definition 5.6. This completes the proof. 
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Abstract Smarandache LCM function and LCM ratio are already defined in [1]. This paper 
gives some additional properties and obtains interesting results regarding the figurate numbers. 
In addition, the various sequaences thus obtained are also discussed with graphs and their 


interpretations. 


Keywords Smarandache LCM Function, Smarandache LCM ratio. 


81. Introduction 


Definition 1.1. Smarandache LCM Function is defined as SL(n) = k, where SL: N — 


2 


1) n divides the least common multiple of 1, 2,3,--- ,k, 


( 
(2) k is minimum. 


Definition 1.2. The Least Common Multilpe of 1, 2,3,--- ,& is denoted by [1,2,3,--- , A], 
for example SL(1) = 1, SL(3) = 3, SL(6) = 3, SL(10) = 5, SL(12) = 4, SL(14) = 
7, SL(15) =5,---. 

Definition 1.3. Smarandache LCM ratio is defined as 
[n,n—1,n—2,---,n—-rt+]] 


PEAT (1, 2,3,--- yr] 
Example. 
SL(n,1) =n, 
SL(n,2) = nin so 
iis sha ifn is odd, n>3 
SL(n, 3) = n(n —1)(n— 


, ifnis even, n> 3 


Proof. Here we use two results: 
1. Product of LCM and GCD of two numbers = Product of these two numbers, 
2. [1,2,3,--- ,n = [[1, 2, 3, --- pl, [p+1,p+2,p+3,--- , ni). 
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Now, 
[n, n 1, n— 2] 
SL(n,3) = 1 
(n, ) (1, 2, 3] 5) ( ) 
=. | —2 
Here, [n,n — 1,n— 2] = In, (n )(n ) 
(n —1,n— 2) 


But (n — 1,n — 2) = GCD of n-1 and n-2, which is always 1. 
Hence, [n,n — 1,n — 2] = [n, (n — 1)(n — 2)] and clearly [1,2,3] = 6. 
[32,1] 3x2x1_ 6 


Atn=3:(1) => SL(3,3) = = =1. 
(6, 5,4] 6x5x4 
— : = 3 =1 . 
Atn=6: (1) > SL(6,3) [12.3.4] 2 0 
BADEN) ae cleciag 
Hence, SL(n,3) = n(n — Sn _9 
, if nis even 
12 
is proved. 
[n,n —1,n—2,n—3] 
fe >4 
1234)” eS 
Similarly SL(n, 4) = n(n Dr a) a). if 3 does not divides n 
ae ao iS) if 3 divides n 


_ nn 1).(n — 2).(n — 3).(n — 4) 


Similarly, SZ(n, 5) 


360 , with other conditions also. 
Here, we have used only the general valuesof LCM ratios given in ((2] and [3]). 


The other results can be obtained similarly. 


§2. Sets of SL(n,r) [2] 


(1) SL(n,1) = {1,2,3,4,5,6,--- ,n,---} It is a set of natural numbers. 


1 
(2) SL(n,2) = {1,3,6,10,--- , uae ..-} It is a set of triangular numbers. 
ee 
(3) SL(n,3) = {1,2, 10, 10, 35, 28, 84, --- eS) 


This set, with more elements, is {1,2, 10,10, 35, 28, 84, 60, 165, 110, 286, 182, 455, 
280, 680, 408, 969, 570, 1330, 770, 1771, 1012, 2300, 1300, 2925, 1638, 3654, 2030, 4495, 2480, 
5456, 2992, 6545, 3570, 7770, 4218, 9139, 4940, 10660, 5740, 12341, 6622, 14190, ---}. 


vt + 20° +62? +27 +1 
G— 2) 


Its generating function is 
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Graph of SL(n,3) 


Physical Interpretation of Graph of SL(n,3): This graph, given on the next page, represents the 
V-I characteristic of two diodes in forward bias mode. It is represented by the equation: 

I = Ip{exp( 7) — 1}, a rectifier equation, where, 

Ip = total saturation current, 

e = charge on electron, 

V = applied voltage, 

kB = Boltzman’s constant, and 

T = temperature. 

Here V is positive. X-axis represents voltage V and Y-axis is current in mA. 

Also, this graph represents harmonic oscillator: Kinetic energy along Y-axis and velocity along 
X-axis. 
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Graph of SL(n,4) 


(4) SL(n,4) = {1,5,5,35, 70,42, +++, eS Ses a) A, 


This set, to certain terms is {1,5,5,35, 70, 42, 210, 330-165, 715, 1001, 455, 

1820, 2380, 1020, 3876, 4845, 1995, 7315, 8855, 3542, 12650, 14950, 5850, 20475, 23751, 9135, 

31465, 35960, 13640, 46376, 52360, 19635, 66045, 73815, 27417, 91390, 101270, 37310, 123410, --- }. 
Physical Interpretation of Graph of SL(n,4): This graph, the image of graph about a line 


of symmetry y = 2, is a temperature-resistance characteristic of a thermister. 
Its equation is R = Ro. exp[B(4 — als where 

Ro = resistance of room temperature, 

R= resistance at different temperature, 

G = constant, 


To = room temperature. 
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Graph of SL(n,5) 


Temperature 7, in Kelvin units, along X-axis and resistance R, in ohms, along Y-axis, 3 
value lies between 3000 and 4000. 


The above equation can be put as R= Cer. 
Its another representation is potential energy (in ergs, along Y-axis) of system of spring 
against extension (in cetimeters along X-axis) for different weights. 


The second graph below is characteristic curve of Vog against [cg at constant base current 
Ip. 


n(n — 1)(n — 2)(n — 3)(n — 4) 


(5) SL(n,5) = {1,1,1,7,14, 42, 42,---, x60 ,--+} This set, to 
certain terms, is {1,1,7, 14,42, 42, 462, 66, 429, 1001, 1001, 364, 6188, 1428--- } 

Physical Interpretation of Graph of SL(n,5): The second graph of {SL(n,5)}, given above, 
represents the V-I characteristic of two diodes in reverse bias mode. It is represented by the 
same equation mentioned in graph of SZ(n,3) with a change that V is negative. 


Hence, —V > #8" and that exp(Z$4) < 1, so that I = Ip. 


This shows that the current is in reverse bias and remains constant at Jo, the saturation 


current, until the junction breaks down. Axes parameters are as above. 


Similarly for the other sequences. 
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§3. Properties [3] 


Murthy [1] formed an interserting triangle of the above sequences by writing them verti- 
cally, as follows: 


1 

1 i 

1 2 1 

1 3 3 #1 

1 4 6 2 1 

1 5 10 10 5 1 

1 6 15 10 5 1 1 

1 7 21 35 35 7 7 1 

1 8 28 28 70 14 14 2 1 

1 9 36 84 42 42 42 6 3 1 
1 10 45 60 210 42 42 6 3 1 1 


1. Here, the first column and the leading diogonal contains all unity. 

The second column contains the elements of sequence SL(n, 1). 

The third column contains the elements of sequence SL(n, 2). 

The fourth column contains the elements of sequence SL(n, 3). 

and similarly for other columns. 

2. Consider that row which contains the elements 1 1 only as first row. 

If p is prime, the sum of all elements of p*” row = 2(mod p). 

If p is not prime, the sum of all elements of 4” row = 2(mod 4). 

The sum of all elements of 6” row = 3(mod 6). 

The sum of all elements of 8°” row = 6(mod 8). 

The sum of all elements of 9*” row = 5(mod 5). 
1 


The sum of all elements of 10°” row = 1(mod 10). 


84. Difference 


We have, 
SL(n,2) — SL(n — 1,2) = SL(n — 1,1). 


This needs no verification. 


Also, SZ(n,3) — SL(n — 1,3) = 
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Similarly, 


SL(n,4) — SL(n — 1,3) = SL(n— 1,3) 


SL(n,5) — SL(n— 1,5) = SL(n — 1,4). 
Hence, in general, 


SL(n,r) — SL(n—1,r) = SL(n—1,r—1), r<n. 
85. Summation 
Adding the above results, we get, 


> SL(n,r) =n-1, n>. 


r=2 


86. Ratio 
We have, 
SL(n,3)  n-2 
SL(n,2) 3? 
SL(n,4)  n—3 SL(n,5)  n—-4 
SLin,3) 4 7 SL(m,4) 5 
In general, 


SL(n,r +1) n—r 
SL(n,r) rt 


§7. Sum of reciprocals of two cosecutive LCM ratios 


We have, 
1 1 n+1 


SL(n,2) | SL(n,3)  3-SL(n,3)’ 


1 ie 1 — ntl 1 de 1 — nti 
SL(n,3)  SL(n,4) 4-SL(n,4)’ SL(n,4) 9 SL(n,5) 5+ SL(n,5)" 


In general, 
1 1 n+l 


SL(n,F) | Si(n,r4l) (+1) Sin,r +i) 
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88. Product of two cosecutive LCM ratios 


1. SL(n,1)-SL(n,2) = aa 


2. SL(n,2) + $L(n,3) = n(n — 1)?(n — 2) 


_w(n 1)?(n — 2)?(n — 3) 


3. SL(n,3)-SL(n, 4) 


4. §L(n,4)-SL(n,5) = n*(n — 1)?(n — 2)?(n — 8)?(n — 4) 


In general, 


SL(n,r)- SL(n,r +1) = 
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Abstract In this paper based on the group characters there are certain graphs constructed. 


The properties are analysed with examples. 
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§1. Introduction 


This paper is the outcome of the author in throwing some more light on the relative 
character Graphs [(G, H) (RC-graphs) originally studied by T. Gnanaseelan in his Ph.D work 
[2]. 

It may be recalled that in the early 1940’s R. Brauer while studying the ‘ordinary’ (complex) 
irreducible representation and the p-modular irreducible representation of a finite group G, 
constructed a finite simplex graph which was later called the Brauer Graph B(G) and was 
extensively studied especially when G is a finite Chevalley group, or more generally, a simple 
group of his type [1]. 

Both these graphs have the same vertex set namely, the set IrrG of complex irreducible 
Characters of G. In the Brauer group case, case vertices ®,~ are adjacent if and only if their 
reduction modulo a prime p dividing O(G) contains at least one p-modular irreducible character 
in common. In the case of the RC-graph ® and w are meant to be adjacent if and only if the 
restriction ®y and wy to a given subgroup H of G contain at least one irreducible character 
of H in common. Clearly ['(G, H) is a simple graph. 

We shall highlight some of the basic properties obtained by Gnanaseelan and others. This 
paper is a continuation of the earlier works deals with connectivity properties of the complement 
I(G, H). 


§2. Basic properties of RC-graphs 


We need the following base minimum from character theory. For details, we refer to M. 
Isaac’s book [3]. 

Given two characters ®, ¢ of G, let (®,w) = 1/0(G)U®(s)w(s). Then, Q is irreducible if 
and only if (6, ®) = 1 and if ® and wy are two distinct irreducible, then (®, 7) = 0. 
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In terms of this scalar product the adjacent condition can be given as follows: 
1 poe 
®, 7 € IrrG are adjacent if and only if (®,w~)y = OU) S- ®(s)(w(s)) > 0 
seH 


Induced characters: Given any character Q of a subgroup H, the induced character Q° of 
G is defined_as 


Q°(s) = yo € GQ°(gsg'), where 


O(H) 
Q°(gsg~') = Q(gsg7') if gsg~! € H and 


= 0, otherwise. 


Frobenius Reciprocity Formula: 
If Q € IrrH and © € IrrG, then (©, Q) = (®, Q%)c. 

Proposition 1. Two elements ®,~ of IrrG are adjacent iff ® € 7, where x? = 1y. 

For details and proofs of the following results, we refer to [2], [4] and [8]. 

Proposition 2. (G,#H) is connected if and only if coregH = (1) where coregH is the 
largest normal subgroup of G© contained in H. In particular if G is simple or if H is simple, 
then ['(G, H) is connected. 

For the above proposition and for further results, we need the path lemma: Given any F 
in the connected component containing 1g, ® in connected to 1g by a path of length s if and 
only if 6c y*,s >. 

Proposition 3. I'(G, #) is a tree if and only if G = NZ is a Frobenius group with kernel 
N and complement H and N is unique minimal elementary abelian of order p™(p, aprime) and 
0(H) = p™ — 1. In this case, the tree is always a ’star’. 

Proposition 4. ®, 7 € IrrG lie in the same connected components of I'(G, H) if and only 
if 6 C wy* for some integer s > 1. 

Proposition 5. If [(G, H) is connected then it is always triangulated . (A tree is ’trivially’ 
triangulated) 


§3. Complements of RC-graphs 


If H is a subgroup of G, it is very rare that the complements [(G, H) of ['(G, H) is of the 
form ['(G, H) for some subgroup K. 

Problem 1. Characterize all groups G with the property that there exists a pair of 
subgroups H and K such that 


I'(G, #) =1(G, B). 


In this connection the following results of Gnanaseelan is interesting proposition 6: If g = NH 
is a semi direct product with N normal and H non-normal, then '(G,N) = I'\(G, H) if and 
only if G is Frobenius with kernel N and complement H. 

We shall now focus on the connectivity of 1(G, H) and ['(G, H) (also see [9]). 

At the outset, if a graph T is disconnected then I is connected. However, if I’ is connected, 


then [ may be connected or not, as seen from the following examples: 
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G = Sq; H = H, . 
T(G, H) TG, ) 
Ig 
G=S3, H=(s). 
r(G, H) T(G, H) 
e 
e e 


Problem 2. Given any finite group G, find all subgroups H such that ['(G, H) is connected. 
(we can assume coregH = (1)). 

Problem 3. Find all finite groups G such that whenever H 4 (1), then ['(G,H) is 
connected. 

Note that this includes the class of all finite abelian groups, because, if G is abelian of order 
g and H is a subgroup of order h, then [(G, H) is disconnected with exactly h components 
each component being complete with g/h vertices. 

Theorem 1. Let H be a subgroup of G such that the right action of G on G/H is doubly 
transitive. If [(G,H) is not a tree and if g <= n—1C2, then I(G, H) is connected (where n 
and q are the number of vertices and number of edges of I'(G, H) respectively.) 

Proof of Theorem 1. If ['(G,H) is disconnected then [(G,H) is always connected. 
Hence we assume that [(G, H) is connected and is of the form: 

lee 


e 
Since the action of G on G/H is doubly Transitive, 


x=1G=1¢g+A, AEIrrG. 


Let J denote the sub graph [(G, H) —1g. Then J has n — 1 vertices and g— 1 edges. By 


Frobenuis reciprocity formula we have, 
Ag =1la+=r;Q;,Q; € IrrH,r; > 0 


We shall prove that there is at least one ® € IrrG, ® 4 1g which is not adjacent to A. 
For any Q € IrrH, let I(Q) denote the set of distinct irreducible characters occurring in Q°. 
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First suppose that there exists Q € IrrH such that I(Q) C J and ov is irreducible for 
every o € I(Q). In other words, o7 = Q for every o € I(Q). Then clearly any ® € J(Q) 
is such that ®;; does not contain Q and hence J(Q) is a connected component of I'(G, H), 
contradicting our assumption that ['(G, H), is connected. 

Next, we shall prove that if o € J is not Irreducible, then o C cA. In fact, 


1 ee 
(0.92) = Bq FEN) 


sEG 


k 
a S> YS o(s)a x) 


i=1 SEC; 
(Where C),C2,...,C, are the conjugacy classes of G) 


k 


= ae Yo) IXEIGI 


(Where s runs through a set of class representatives) 


k 
= mal Y 2(s)a(s)|C.9 Alx(1) 


i=1 


(using the relation |C; MN H|x(1) = |Ci|x(s) 


since oy is not irreducible using y = 1g + A, this gives (o,cA) > 0, which means o C oA. 
Already by assumption o and A are adjacent, which is by path lemma, gives o C A?. Using 
these 2 relations, we get o C aA C A®. Hence by path lemma, we get a path of length 3 from 
a to lg, which must pass through A. Hence we get a cycle AowA for some pz € J. Repeating 
this process over and over again, we see that o is adjacent to any ® in J. 

Now Suppose, for any Q € IrrH, there exists o € I(Q) such that oy is not irreducible. 
Then from the above argument, it follows that o is adjacent to any ® in J. Then J is a complete 
graph and hence gq = n — 1C2 + 1 (including the edge 1gA) which is a contradiction to our 
assumption that q <n —1C%. 

Hence there must exist a vertex ® not adjacent to A. In the complement, therefore, ® and 
A are adjacent. Also, since A is the only vertex adjacent to lg in I'(G, H), all other vertices 
(including ®) are adjacent to 1g in I'(G, H). Thus I'(G, H) is connected. 

Remarks 1. 


1. The assumption that q < n — 1C2 is necessary as we see from the following graph. Take 
G= As and H = Aq. 
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1 
T(G, H) ™ 


Here n = 5 and q =7, which is > 4C2 = 6 of course I'(G, H) is disconnected. 


2. The condition that ['(G, H) is not a tree is necessary, for otherwise, [(G, H) would be a 
rooted tree (star) and hence A would be isolated in the complement. 


Problem 4. Characterize all subgroups H of a given group G such that both [(G, H) and 
I(G, H) are connected. 

Theorem 2. I'(G,#H) is connected if and only if for every o € I(1z) there exists a 
® € V —1(1) such that o and © are not adjacent in I'(G, H). 

Proof of Theorem 2. First assume that ['(G,H) is connected. Let o € I(1q). Suppose 
o is adjacent to all ® € V — J(1y) n I'(G,#H). Since already a is adjacent to all # € I(1y), 
as I(17#) is complete, o is adjacent to all vertices in [(G, H). Hence a is an isolated vertex in 
I(G, H), contradiction. 

For the converse part, assume the given condition. Since lg is not adjacent to any vertex 
in V — I(1z), 1g is adjacent to every vertex in V — I(1y) in I(G, H). By the assumption, if 
o0 €I(17) and ® € V — I(1y), o and @ are adjacent in T'(G, H) ....... 0... eee. (1) 

Also 1g is adjacent to all vertices in V — I(1#) in '(G,H). In fact, no vertex ® can be 
adjacent to 1g without belonging to (17). Therefore, if ® € V—J(1z), then ® is not adjacent 
to 1g inI'(G, H). Hence © is adjacent to lg in T'(G, A) ......... 22. cece cece e eee ees (2) 

Now take any two a, ( in y. 

Case 1: Both a and belong to I(1#). By (2), there exist &,£ in V — I(1#), such that a is 
adjacent to €; and @ is adjacent to 2 in '(G, H). But by (1), 1g is adjacent to both € and & 
in I(G, H). Then we get a path between a and (3. (see figure 1). 
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Figure 1: 


Case 2: Let a € I(1q) and 6 € V — I(1), By (1), 1g is adjacent to 6 in '(G, H), and 
by (2), their exists € € V — (1,7) such that a is adjacent to € in ['(G,H). This shows that 
there is a path between a and 3 in I'(G, H). (see figure 2). 

Case 3: Both a and @ do not lie in I(1#). By (1), 1g is adjacent to a and 6 in I'(G, H); 
hence there is a path between a and 3 in I'(G, H). (see figure 3). 
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Figure 2: 


Figure 3: 


The above arguments prove that ['(G, H) is connected. Hence the theorem. 

Theorem 3. Let the right action of G and G/H be doubly transitive. Then I'(G, H) is 
connected if and only if diamI'(G, H) > 3. 

Proof of Theorem 3. Due to doubly transitivity, J17) = 1¢+A, A € IrrG, and hence is 
the unique vertex adjacent to 1g. First let diamI'(G, H) > 3. Then their exists ® € V —I(17) 
whose distance from A is at least 2. Therefore, given A € I(1z) we can find ® € V — I(1z) 
such that A and © are not adjacent. Hence by theorem 2, I'(G, H) is connected. 

Conversely, assume that I'(G, H) is connected. Hence by the same theorem, their exists 
® € V —I(1y) such that A and © are not adjacent. Therefore, dist.(A,®) > 2. Hence 
diamI'(G, H) > 3. This proves the theorem. 


Proposition 6. 


(i) If G = NO is Frobenius, then r(I'(G, H)) = 1. As an example ['(Djo, C2) is the following. 


Ig 


Of course there are cases when r(I'(G, H)) > 1. For instance, when G = S4 and H = $3, 
I(G, H) is the graph. 
Ig 


Whose domination number is 2. For details on domination theory of RC-graphs, we refer 
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to [5], (8). 


RC-graphs as signed graphs. There is a natural sign attached to the edges. If 6,w are 
the vertices and ®y = Sm;G; and Wy = Hn;Q;j, so that (®©,w) 47 = Umj;n;, the edge Oy 
gets a+ sign if m,n; is even and a - sign if Mm ,n,; is odd. The first author has initiated 


(ii 


wa 


a study on RC-graphs as signed graphs following the work of B.D. Acharya et al. (see 
[6]). 


Among the many products occurring in graph theory the one that suits our RC-graph is 


wa 


(iii 
the ’strong direct product’. The domination number of a strong direct product cannot be 
greater than that of the more fancied Cartesian product 


If [; and Ig are two (connected) graphs then we have the famous vizings conjecture: 
901 x T2) > 7(Ti)y(F2). A variation of the above conjunctive for RC-graphs and strong 
direct products fails. (For details see [7]). 


Conclusion 


Graph - theorists have already shown interest in RC-graphs as they provide some relief 
from the monotonous ’edge - dot’ study! The authors believe that the pictorial description of 
character theory could help people to understand representation theory in a better way. (The 
restriction behavior of an irreducible G - character to a subgroup H, apart from Clifford’s 
theory when H is normal, is not completely understood). Last but not the least many new 
perhaps hitherto unseen, subgroups have already been located in an arbitrary finites groups 
using RC-graphs such as almost - normal subgroups, dominate subgroups, domination - free 
subgroups etc, whose definition and details are omitted here for want of time and space. 
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Abstract In this paper Class A weighted composition operators on L? - spaces are charac- 


terized and their various properties are studied. 
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§1. Preliminaries 


Let (X,=,.) be a sigma-finite measure space and let T : X — X be a non-singular 
measurable transformation. Let L? = L?(X,%,.). Then the composition transformation Cr is 
defined by Cr f = fo T for every f in L?(\). If Cr happens to be a bounded operator on L?, 
then we call it the composition operator induced by T. 

Cr is a bounded linear operator on L? precisely when (i) the measure AT! is abso- 
lutely continuous with respect to \ and (ii) the Radon-Nikodym derivative d\T~+/d) is in 
E°(X,5,A). Let R(Cr) denote the range of Cr and CF, the adjoint of Cr. 

A weighted composition operator is a linear transformation acting on a set of complex 
valued © mesurable functions of the form Wf = wf oT, where w is a complex valued 
measurable function. In case w = 1 a.e., W becomes a composition operator, denoted by Cp. 

To examine the weighted composition operators efficiently, Lambert [1], associated with 
each transformation 7, the so called conditional expectation operator E(e|T~!S) = E(e). More 
generally, E(f) may be defined for bounded measurable function f or non-negative measurable 
functions f; for details on the properties of E, see [4], [5], [6]. 

As an operator on L?, E is the projection onto the closure of the range of Cr. E is the 
identity on L? if and only if T~!5 =. 

The Radon-Nikodym derivative of \T~! with respect to \ is denoted by h and that of 
AT-* with respect to A is denoted by hy where T* is obtained by composing T with itself k 
times. Let wz denote w(w oT) (woT?) --- (woT*~+) so that W*f = wz(foT)*. 


§2. Class A composition operators 


Let B(H) denote the Banach algebra of all bounded linear operators on a Hilbert space H. 
An operator T € B(#) is said to be hyponormal if T*T > TT%, T is said to be p-hyponormal [2] 
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if (T*T)? - (TT*)? >0,0<p<1. Fora p-hyponormal operator T = U|T| Aluthge introduced 
the operator T= |T|!/? U |T|!/? which is called Aluthge transformation and Aluthge showed 
very interesting results on T. The operator T is said to be w - hyponormal [3] if | T | > |T| > 
| T*|. T is paranormal if ||T?x || ||a|| > |/Tz||?; T is quasihyponormal if ||T*T'|| < ||T?x|| for all 
x in H or equivalently T**T? - (T*T)? > 0. 

An operator T belongs to class A [7] if |T?| > |T|?. Furuta, Masatoshi Ito and Takeaki 
Yamazaki have characterized class A operators as follows. An operator T belongs to class A if 
and only if (7* (T/PT)*/? > TT. 


§3. Previous results on M-paranormal composition opera- 


tors 


Panayappan and Veluchamy [9] have characterized M-paranormal composition operators 
as follows. 

Theorem 3.1. Let Cr € B(L?(\). Then Cr is M-paranormal if and only if M7ho + 2kfo 
+k? >0 ae., for all k € R, where fo is the Radon-Nikodym derivative of \T~! with respect 
to and ho is the Radon-Nikodym derivative of A(ToT)~! with respect to A. 

Also Panayappan [8] generalized the above result to the weighted composition operators 
as follows. 

Theorem 3.2. W is M-paranormal if and only if M?hg E(w3)oT~? > h? [E(w?)oT~1]? 


The aim of the paper is to characterize class A weighted composition operators and also 
to show that class A and paranormal operators coincide in the case of weighted composition 
operators. 


§4. Weighted class A composition operators 


Theorem 4.1. W is of class A if and only if hgE(w3)oT~? > h?[ E(w?)oT~!]? ae.. 
Proof. We have, W* f = wz(foT*) and W*f = hy E(wzf)oT~* 
and so. W*2W2f = W*?(wo(foT2)) 
= hg E(we7foT?)oT~? 
= hg E(w)oT~7E. 
Also W*W f = hE(w?)oT7'f. 
Then W is of class A 
<> (W* |W? W)2 > Www 
that is (W* |W|? W) > (W*W)? 
if and only if (W*(W*W)W) >(W*W)? 
> WW? > (WW)? 
<> ( (W*?W?2 - (W*W)?)f, f) ) > 0 for every f € © 
<=> f he E(w3)oT~? - (h E(w?)oT~")? |f|? dA > 0 for every E € D 
B 


<=> hoE(w2)oT~? > h?(E(w?)oT—!)? ae. 
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Theorem 4.2. Let W be a weighted composition operator with weight w > 0. Then the 
following are equivalent 
(i) W is paranormal; 
(ii) W is class A; 
(iii) W is quasihyponormal. 
Proof. (i) > (ii) 
Suppose W is paranormal. Then by Theorem 2.3 [8] 
ha E(w2)oT~? > h? (E(w?)o T~1)? ae. 
W is class A. 
(ii) = (iii) 
Suppose W is class A. Then by Theorem 4.1, hg E(w2”)oT~? > h? (E(w?)oT~!)? ae.. 
Therefore by Corollary 2.2 [8], W is quasihyponormal. 
(iii) > (i) 
Suppose W is quasihyponormal, then 
hg E(w?) o T-? > h? (E(w?) o T—1)? ae. 
Therefore by Corollary 2.4, [8], W is paranormal. 
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Abstract In this work, we investigate position vectors of some special space-like curves with 
respect to Bishop frame in E?. A system of differential equation whose solution gives the 
components of position vector on the Bishop axis is established. Via its special solutions, 
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§1. Introduction and preliminaries 


In the existing literature, it can be seen that, most of classical differential geometry topics 
have been extended to Lorentzian manifolds. In this process, generally, researchers used a 
standard moving Frenet frame. Some of kinematical models were adapted on this moving 
frame, due to tranformation matrix among derivative vectors and frame vectors. Thereafter, 
researchers aimed to have an alternative frame for curves and other applications. Bishop frame, 
which is also called alternative or parallel frame of the curves, was introduced by L.R. Bishop 
in 1975. And, this frame have been used in many research papers, in classical manner or 
Lorentzian manifolds, etc. 

In this work, we consider a space-like curve with a space-like binormal. Then, with the 
notion of Bishop frame, we investigate position vectors of some special space-like curves in 
Minkowski space £3. 

To meet the requirements in the next sections, here, the basic elements of the theory of 
curves in the space E} are briefly presented. (A more complete elementary treatment can be 
found in [2] and [4].) 

The Minkowski 3-space E} is the Euclidean 3-space E° provided with the standard flat 


metric given by 
(,) = —da? + dx3 + dz?, 


where (x1, 22,23) is a rectangular coordinate system of EF}. Since (,) is an indefinite metric, 
recall that a vector v € E? can have one of three Lorentzian characters: it can be space-like 
if (v,v) > 0 or v = 0, time-like if (v,v) < 0 and null if (v,v) = 0 and v 4 0. Similarly, an 
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arbitrary curve y = y(s) in E} can locally be space-like, time-like or null (light-like), if all of its 
velocity vectors y’ are respectively space-like, time-like or null (light-like), for every s ¢ IC R. 
The pseudo-norm of an arbitrary vector a € E? is given by |la|| = \/|(a,a)|. y is called an unit 


speed curve if velocity vector v of y satisfies ||v|| = +1. For vectors v,w € E} it is said to be 
orthogonal if and only if (v,w) = 0. 

Denote by {T, N, B} the moving Frenet frame along the curve y in the space E}. For a 
space-like curve y with first and second curvature, « and 7 in the space E}, the following Frenet 
formulae are given in [4]. 

Let y be a space-like curve with a space-like binormal, then the Frenet formulae read 


fh 0 K O T 
N’ = K 0 T N ’ (1) 
B' 0 +r O B 


where 


(N,N) =—1, (T,T) = (B, B) =1, 
(T, N) = (T,B) = (T,N) =(N,B) =0. 


The Bishop frame is due to L.R. Bishop [3]. This frame or parallel transport frame is an 
alternative approach to defining a moving frame that is well defined even the space-like curve 
with a space-like binormal has vanishing second derivative [1]. He used tangent vector and any 
convenient arbitrary basis for the remainder of the frame. Then, the Bishop frame is expressed 


as [1] 
i 0 ky —kp 5% 
Ni|=|k 0 0 M |, (2) 
Ni ko 0 0 No 
where 
n(s) = VIE Fil, r(s) = 
ko (3) 


6(s) = arg tanh 
ky 


Here, we shall call k; and kg as Bishop curvatures. 


§2. Main results 


Let w = w(s) be a space-like curve with a space-like binormal. We can write position 
vector with respect to Bishop frame as 


p= Y(s) = 7 + 5N, + ANd. (4) 


Differentiating both sides of (4) and considering system (2), we have a system of differential 
equation as follows: 
oy! + 6k + Akg —1=0 
6’ + yk, = 0 : (5) 
N — yko = 0 
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This system of ordinary differential equations is a characterization for the curve w = w(s). 
Position vector of a space-like curve can be determined by means of solution of it. However, 
general solution have not been found. Owing to this, we give some special values to components 
and Bishop curvatures. 
Case I. y = 0. In this case 7 = 7(s) lies fully in Nj N2 subspace. Thus, we have other 
components 
6 = constant = c, 


(6) 


A = constant = c2 


System (5) and (6) yield the following linear relation among Bishop curvatures 
cy ky + cok —1=0. (7) 


Since, we immediately arrive the following results. 

Theorem 1. Let ~ = 7)(s) be a space-like curve with a space-like binormal and lies fully 
in N, Np. 

i) If one the second and third components of the position vector of 7 on Bishop axis is 
zero, then w transforms to a line. 

ii) There is a relation among Bishop curvatures as (7). 


iii) Position vector of 7 can be written as 
w = wW(s) — ci Ny + c2No. (8) 


Case II. 6 = constant 4 0. In this case, first we have by (5)2 y = 0 and \ = constant. 
Suffice it to say that this case is congruent to case I. 

Case II. a. Let us suppose 6 = 0. Thus, y = 0 and A = constant, and so kg is constant. 
This case yields a line equation as follows 


p = Y(s) = ANd. (9) 


Case III. The case \ = constant # 0 is also congruent to case I. 
Case III. a. \ = 0. Then, we easily have k, and 6 are constants. This result follows a 
line equation as 


wb = V(s) = 6N. (10) 
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§1. Introduction and results 


The classical gamma function 


(2) = [ Poe de (a0) 


is one of the most important functions in analysis and its applications. The logarithmic deriva- 


tive of the gamma function can be expressed in terms of the series 


I" (x oS 1 1 
aay rs ane Py (ss =) (1) 


n=0 


(a > 0; y = 0.57721566490153286--- is the Euler’s constant), which is known in literature as 
psi or digamma function. We conclude from (1) by differentiation 


vO) = (IME oes Ce ee eee (2) 
n=0 


wv) are called polygamma. functions. 
H. Mine and L. Sathre [1] proved that the inequality 


nm. Vnl 
nt+1~ 2/4) 


is valid for all natural numbers n. The inequality (3) can be refined and generalized as (see [2], 


[3], [4]) : ieee 
nt+k ut ntm+k eT 
n+m+k+1 Vntm+k 


i=k+1 i=k+1 


<1 (3) 


1 The first author was supported in part by Natural Scientific Research Plan Project of Education Department 
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of Henan Province #2007110011. 
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where k is a nonnegative integer, n and m are natural numbers. For n = m = 1, the equality 
in (4) is valid. The inequality (4) can be written as 


n+k+1 (in tk+1)/T(k+1)]/” -,[_mtk (5) 
ntm+k+1l ~ P(ntm+ekeD/T(REDIM Om ~ Vntmtk 
In 1985, D. Kershaw and A. Laforgia [5] showed the function [['(1+ +)]* is strictly decreasing 


and x[['(1 + +)]® strictly increasing on (0,00), from which the inequalities (3) can be derived. 
In 2003, B. -N. Guo and F. Qi [2] proved that the function 


Tetytl/Pyt+ pi? 


F(x) = ct+ty+l 


is decreasing in x > 1 for fixed y > 0, from which the left-hand side inequality of (5) can be 
obtained. 

In this paper, our Theorem 1 considers the monotonicity and logarithmic convexity of the 
function f on (0,00). This extends and generalizes Guo and Qi’s result. 

Theorem 1. Let s > 0 be real number, then the function 


(P(e+s+1)/T(e+ 1] 
r+st+l 


f(x) = 
is strictly decreasing and strictly logarithmically convex on (0,00). Moreover, 


lim f(z) =e”) /(s+1) and lim f(r) =e7}. 


x0 LOO 


Theorem 2. Let s > 0 be real number, then the function 


(sy — P@tet H/T +H" 
— Vete+l 


is strictly increasing on (0,00). 


The following corollaries are obvious. 
Corollary 1. Let s > 0 be a real number, then for all real numbers x > 0, 
(et+tsti)/T(s+1]}V* | ever) 


cle < 6 
° e+st+l1 (s+ 1) iP) 


Both bounds in (6) are best. possible. 
Corollary 2. Let a > 0 and s > 0 be real numbers, then for all real numbers x > 0, 


ets+1 _ a+s+1)/T(s+ 1)" . [ g+s+1 (7) 
ertats+1 ~- [(at+at+s4+1)/I(s4+1)]/@) ctats4+1 


In particular, taking in (7) « = n,s =0 and a = 1, we obtain 


n+l a Vn! Z n+1 
n+2 mH/(n + 1)! n+2° 


The inequality (8) is an improvement of (3). 
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§2. Proof of the theorems 


Proof of Theorem 1. Define for x > 0, 


ed Oe. I'(e+s+1) 7 x? 
2 f{z) 2 T(s+1) eee ys) c+s+1’ 
Pn f@)] _,, Te+s+l) 
Oo dx? I'(s +1) ue eset 
2,/,/ a 
+a*w'(a+s4 )4 (@+s41)? 
Differentiation of u(x) gives 
ts 1 ee 
7 = 1 
pu) w'(ea+st+1) poeed ean t? 
= 1 = 1 1 
& (x+s8+n)? Oo eae: yen] 
3 s+1 s+1 
—|(@+stn)y? (eat+stn+1) 
_ 3 8 ‘ 1 s+1 
7 (g+st+n)? (a+stn\(e+st+n4+1) (¢+8+n+1)? 


<0. 


— eo (26+1(a@t+st+n)t+s 
7 Pe nares Cees ere yy 


Hence, the function u(x) is strictly decreasing and u(x) < u(0) =0 for x > 0, which yields the 
desired result that f’(x) < 0 for x > 0. 


Using the asymptotic expansion [6, p. 257] 


_ 1 1 -3 
InI(2) = («- 5) Ing —#+Inv2a+ 75- + Ox ) (© oo), 


we conclude from 


In f(x) = . (nT(a+s+1)—InI(s+1)] —In(a#+5+4+1) (9) 
that 
im false". 


By L’ Hospital rule, we conclude from (9) that 


ev(st1) 


rata 
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Differentiation of u(x) yields 


~ 2 _ i 1 
Yoo th|s stn)? (a+s+n+1)? 


n=1 


>| 2(s +1) 2(s +1) | 


(e+ts+n)j3 (*+s+n+1)3 


0. 


oy ee 
= (a+s+n)3(a1+s+n+1)3 


Hence, the function v(x) is strictly increasing and v(x) > v(0) = 0 for x > 0, which yields the 
2 
desired result that {1@£) 0 for « > 0. 


dx? 
Proof of Theorem 2. Define for x > 0, 
/ 2 
9! (2) T(e+s+1) E 
BOE ae) eae ee Seeger) 
Differentiation of p(x) gives 
1 1 s+1 


geet Ae+s+1) Aect+s+1) 


=~ 1 i s+1 
7 (a+ts+n)? 2a+s4+1) 2(¢a+s5+1)? 


n=1 


s iZ dt 1 s+1 
1 (@+s4+1)? 2(a+s+1) 2%(ae+s41)? 
x 
= ————_,, > 0 
2(a+s+1)? a 
Hence, the function p(z) is strictly increasing and p(x) > p(0) = 0 for x > 0, which yields the 


desired result that g’(x) > 0 for x > 0. 
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Abstract In this paper, we will introduce some kind of algebras which is called KU-algebras. 
We define ideals and study congruences on KU-algebras, and also investigate some related 


properties. 
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§1. Preliminaries 


Several authors ([1],[2],[3],[4],[5]) introduced some structures of algebras such as BCK, BCC 
and BCLalgebras. In [2], C.S. Hoo introduced the notions of filters and commutative ideals 
in BCL-algebras. [1] and [3] introduced a concept of ideals in BCC and BCK-algebras. W. A. 
Dudek and X. Zhang gave connections between ideals and congruences in BCC-algebras. The 
objective of this paper is to introduce KU-algebras and also study ideals and congruences in 
KU-algebras. Moreover, we investigate some of its properties. 

By an algebra G = (G,-,0) we mean a non-empty set G together with a binary operation, 
multiplication and a some distinguished element 0. In the sequel a multiplication will be denoted 
by juxtaposition. 

Definition 1. An algebra G = (G,-,0) is called a KU-algebra if it satisfies the following 
conditions: 

(1) (xy) ((yz)(wz)) = 0 

(2) 0c = 2, 

(3) «20 = 0, 

(4) ey = 0 = yx implies x = y 
for all x,y,z €G. 

By (1), we get (00)((Oz)(0x)) = 0. It follows that wx = 0 for all x € G. And if we put 
y = 0 in (1), then we obtain z(x#z) = 0 for all x,z € G. 

Example 1. Let G = {0,1,2,3} and H = {0,1,2,3,4}. Let the multiplication of G and 
HT be defined by Table 1 and Table 2 respectively. Then it is easily checked that G and H are 
KU-algebras. 
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WwWlrMpmlrRslo 

oO};}o;o;}o;o 
O;};NM]O;R{TrF 
o;};o;o;nNwyts]w 
O};lrFIlI wl wl]lw 


Table 1. 


BRlwlmwflelslo 
SGIloloaolololo 
ololHilofHlirH 
SGIlolololwlw 
SClolwil]w|]wliw 
o;A] A] A] A] A 


Table 2. 


§2. Ideals 


Definition 2. Let A be a non-empty subset of a KU-algebra G. Then A is said to be an 
ideal of G if it satisfies the following conditions: 

(i) O€ A, 

(ii) for all x,y,z € G, a(yz) € A and y € A imply xz € A. 

Example 2. In example 1, let A = {0,2} and B = {0,1} be subsets of a KU-algebra H. 
Then A is an ideal of H but B is not an ideal of H. 

Putting « = 0 in Definition 2 we obtain the following Proposition: 

Proposition 1. Let A be an ideal of a KU-algebra G. Then for all x,y € G, xy € A and 
x€Aimply y€ A. 

Definition 3. Let (G,-,0) be a KU-algebra. Then a non-empty subset S of G is said to 
be a KU-subalgebra of G if (S,-,0) is KU-algebra. 

Note that S is a KU-subalgebra of G if and only if zy € S' for all z,y € S. 

Proposition 2. Let A be an ideal of KU-algebra G. Then A is a KU-subalgebra of G. 

Proof of Proposition 2. Let 2,y € A. Then (x0)((Oy)(xy)) = 0. Hence y(xy) € A. 
Since A is an ideal of G and y € A, xy € A. Therefore, A is a KU-algebra of G. 

Proposition 3. Let G be a KU-algebra and A a non-empty subset of G with 0. Then A 
is an ideal of G if and only if « € A, yz ¢ A imply y(az) ¢ A for all z,y,2 € G. 

Proof of Proposition 3. Let A be an ideal of G and let « € A, yz ¢ A. Suppose that 
y(az) € A. Since A is an ideal, yz € A, a contradiction. 

Conversely, assume that « € A, yz ¢ A imply y(az) ¢ A for all z,y,z © G. Let z,y,zE€G 
be such that z(yz) € A and y € A. It is clear that xz € A. 
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Corollary 1. Let G be a KU-algebra and A a non-empty subset of G with 0. Then A is 
an ideal of G if and only if x € A, y ¢ Aimply yz ¢ A for all a, yEG. 

On KU-algebra (G,-,0). We define a binary relation < on G by putting x < y if and only if 
yx = 0. Then (G;<) is a partially ordered set and 0 is its smallest element. Thus a KU-algebra 


G satisfies conditions: (yz)(xz) < vy, 0 <a, a <y << implies 7 = y. 


§3. Congruences 


In this topic, we describe congruences on KU-algebras. We start with the following: 
Definition 4. Let A be an ideal of KU-algebra G. Define the relation ~ on G by 


a~y iffcye Aand yxre A 


Theorem 1. If A is an ideal of KU-algebra G, then the relation ~ is a congruence on G. 

Proof of Theorem 1. It is clear that this relation is reflexive and symmetric. Let 
x,y,z €G be such that « ~ y and y ~ z. Then zy, yz, yz, zy € A and (xy)((yz)(xz)) =0E A. 
By Proposition 1, ez € A. Similarly, (zy)((yx)(zx) =0 € A. Thus « ~ z. Therefore, ~ is an 
equivalenec relation. 

Ifa~uand y~ v for z,y,u,v € G, then ru, ux, yu, vy € A and (xu)((uy)(zy)) =0€ A. 
By Proposition 1, (uy)(y) € A. Similarly (xy)(uy) € A. Thus zy ~ uy. On the other hand 
(wy) ((yv)(uy)) = 0 € A and yu € A imply (uy)(uv) € A. Similarly, if (uv) ((vy)(uy)) =0E A 
and vy € A we obtain (uv)(uy) € A. Thus uy ~ uv. Since ~ is transitive, ry ~ uv. Hence ~ 
is a congruence. 

Proposition 4. If ~ is a congruence on a KU-algebra G, then Co = {2 € G| a ~ 0} is an 
ideal of G. 

Proof of Proposition 4. Obviously 0 € Co. If x(yz) € Co and y € Co, then x(yz) ~ 0 
and y ~ 0. Since x ~ x and z ~ z, x(yz) ~ x(0z). Thus az ~ 0. Hence xz € Co. So Cp is an 
ideal of G. 

Let ~ be a congruence relation on a KU-algebra G and let C, = {y€ G|y~ a}. Then 
the family {C,, : 2 € G} gives a partition of G which is denoted by G/.. For any 2, y € G, we 
define C, * Cy = Czy. Since ~ has the substitution property, the operation * is well-defined. It 
is easily checked that (G/T, *,Cp) is a KU-algebra. 

Definition 5. Let (G,-,0) and (H,*,0) be KU-algebras. A homomorphism is a map 
f:G-— A satisfying f(x-y) = f(x) * f(y) for all z,y € G. An injective homomorphism is 
called monomorphism and a surjective homomorpism is called epimorphism. 

The kernel of the homomorphism /f, denoted by kerf, is the set of elements of G that map 
to 0 in A. 

If f is a homomorphism from a KU-algebra G into a KU-algebra H, then we define kernel 
kerf = f~+(0) as in [1] and we can prove the following result: 

Theorem 2. Let G be a KU-algebra and A an ideal of G. Let G/. be a KU-algebra 
determined by A. Then the canonical mapping f : G — G_~ defined by f(x) = C, is an 
epimorphism and kerf is an ideal of G. 
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Proof of Theorem 2. Let z,y € G. If x = y, then C,; = Cy. Thus f(x) = f(y). Since 
f(ty) = Cry = C,*Cy = f(x)* f(y), f isa homomorphism. Let C, € G/~. We get f(x) = Cz. 
That is f is an epimomorphism. 

Since f(0) = Co, kerf # o. If x(yz) kerf and y ckerf. Then f(x(yz)) = f(y) = Co. 
Thus Co = f(z) * (Fly) * f(2)) = f(a) * (Co * f(2) = fle) * f(2) = f(v2). Thus ay ekerf. Tt 
follows that kerf is an ideal of G. 
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81. Introduction 


H.Wey]1 [22] examined the spectra of all compact perturbations of a hermitian operator on 
Hilbert space and found in 1909 that their intersection consisted precisely of those points of the 
spectrum which were not isolated eigenvalues of finite multiplicity. This “ Weyl’s theorem ” has 
since been extended to hyponormal and to Toeplitz operators ( Coburn [8] ), to seminormal and 
other operators ( Berberian [2], [3] ) and to Banach spaces operators ( Istratescu [11], Oberai 
[17] ). Variants have been discussed by Harte and Lee [10] and Rakoéevié [18], M.Berkani and 
J.J.Koliha [6]. In this note we show how generalized Weyl’s theorem follows from the equality 
of the Drazin spectrum and a variant of the Weyl’s spectrum. 

Recall that the “ Weyl’s spectrum ” of a bounded linear operator T’ on a Banach space X 


is the intersection of the spectra of its compact perturbations: 
o(T) =( \{o(T + K): K € K(X)} . (1) 


Equivalently A € o,,(T) iff T — XT fails to be Fredholm of index zero. The “ Browder spectrum 


” 


is the intersection of the spectra of its commuting compact perturbations: 
o(T) =( \{o(T + K) : K € K(X) comm(T)} . (2) 


Equivalently X € oy(T) iff T— AI fails to be Fredholm of finite ascent and descent. “ the Weyl’s 
theorem holds ” for T’ iff 
o(T)\ow(T) = moo0(T) ; (3) 
where we write 
too(T) = {A € iso o(T): 0 < dimN(T — XI) < co} (4) 


for the isolated points of the spectrum which are eigenvalues of finite multiplicity. Harte and 
Lee [10] have discussed a variant of Weyl’s theorem: “ the Browder’s theorem holds ” for T iff 


o(T) = ou(T) Umoo(T) . (5) 
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What is missing is the disjointness between the Weyl spectrum and the isolated eigenvalues of 
finite multiplicity: equivalently 
Ow(T) = o%(T) . (6) 


For a bounded linear operator T and a nonnegative integer n define Tj, to be the restriction 
of T to R(T”) viewed as a map from R(T") into R(T”) ( in particular Tig) = T). If for 
some integer n the range space R(T”) is closed and Tj, is upper (resp.a lower) semi-Fredholm 
operator, then T is called an upper (resp.lower) semi-B-Fredholm operator. Moreover if Tjnj is 
a Fredholm(Weyl or Browder) operator, then T is called a B-Fredholm (B-Wey] or B-Browder) 
operator. Similarly, we can define the upper semi-B-Fredholm, B-Fredholm, B-Weyl, and B- 
Browder spectrums ogr,(T), opr(T), oaw(L), oBB(T). A semi-B-Fredholm operator is an 
upper or a lower semi-B-Fredholm operator. 

(See [14]) Let T € B(X) and let 


A(T) ={n€N: Vm EN,m>n= [R(I") N N(T)] C [R(T™) NN (T)]}- 


Then the degree of stable iteration dis(T) of T is defined as dis(T) = inf A (T). 

Let T be a semi-B-Fredholm operator and let d be the degree of the stable iteration of T. 
It follows from [4, Proposition 2.1] that if Tjq is a semi-Fredholm operator, and ind(Tjmj) = 
ind(Tja)) for each m > d. This enables us to define the index of a semi-B-Fredholm operator T 
as the index of the semi-Fredholm operator Tiq. 

In the case of a normal operator T acting on a Hilbert space, Berkani [5, Theorem 4.5] 
showed that 


opw(T) = o(7)\E(T), 


E(T) is the set of all eigenvalues of T which are isolated in the spectrum of T. This result gives 
a generalization of the classical Weyl’s theorem. We say T obeys generalized Weyl’s theorem if 
opw(T) = o(T)\E(T)( [6, Definition 2.13]). 

In this paper, we describe Browder’s theorem and generalized Weyl’s theorem using two 


new spectrum sets which we define in section 2. 


§2. Browder’s theorem and generalized Weyl’s theorem 


Using Corollary 4.9 in [9], we can say that oge(T) = op(T), where op(T) = {A € o(T): 2 
is not a pole of T }. We call op(T) the Drazin spectrum of T. We can prove that the Drazin 
spectrum satisfies the spectral mapping theorem, and the Drazin spectrum of a direct sum is 
the union of the Drazin spectrum of the components. 


In this section, our first result is: 
Theorem 2.1. Browder’s theorem holds for T if and only if ogw(T) = op(T). 
Proof. Suppose that Browder’s theorem holds for T. We only need to prove that op(T) C 


opw(T). If Ao is not in opw(T), then T—Apo/ is B-Weyl operator, and, in particular, an operator 
of topological uniform descent. [7, Remark iii] asserts that there exists « > 0 such that T — AI 
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is Weyl if 0 < |A— Ao| < €. Since Browder’s theorem holds for T, it follows that T — XI is 
Browder operator if 0 < |A— Ao| < «. Then Ao is a boundary of o(T). [9, Corollary 4.9.] tells 
us that Ag is not in op(T). Conversely, Suppose that ogw(T) = op(T). We need to prove 
that o4(T) = ow(T). Suppose that T — Aol is Weyl. Then Apo is not in op(T), which means 
that A» € isoo(T). Thus T — Aol is Browder. This proves that Browder’s theorem holds for T. 

Theorem 2.2. If Browder’s theorem holds for T € B(X) and S € B(X), and pisa 
polynomial, then Browder’s theorem holds for 


P(T) ==> p(caw(T)) = caw(P(T)); 
Browder’s theorem holds for 
TOS = opw(T OS) =opw(T) Uopw(S). 


Proof. Browder’s theorem holds for p(T) if and only if opw(p(T)) = op(p(T)) = 
p(op(T)) = p(opw(T)) and Browder’s theorem holds for T @ S$ if and only if ogw(T @ S) = 
op(T @ S) = op(T) U ap(S) = opw(T) U opw(S). 

Theorem 2.3. If T € B(X), then 


ind(T — AI)ind(T — pI) > 0 for each pairA, w € C\o.(T) 


if and only if 
p(oew(T)) = oew(p(T)) for each polynomial p. 

Proof. By [7, Remark iii], ind(T — AD)ind(T — pI) > 0 for each paird, uw € C\o-(T) if 
and only if ind(T — AI)ind(T — ul) > 0 for each pair A, p € C\ogr(T). From [7, Corollary 3.3] 
and [5, Theorem 3.2], the spectral mapping theorem for the B-Weyl spectrum may be rewritten 
as the implication, for arbitrary n € N and A; € C, 


(T — AVL)(T — del) ++: (I — Ant) B — Weyl => T — Aj I B — Wey] for each j = 1,2,--- ,n. 


Now if ind(T — AI) > 0 on C\ozr(T), then we have 


So ind(T — Aj) = ind |] (L — Aj) = 0 = ind(T — Aj) = 0(j =1,2,--- ,n), 
j=l j=l 
and similarly if ind(T — AI) < 0 on C\ogpr(T). If conversely there exist A, 4 € C\o-(T) for 
which ind(T — AI) = —m <0 <k =ind(T — pI), then p(T) = (T — AD*(T — pD)™ is a Weyl 
operator whose factors are not B-Weyl. It is a contradiction. The proof is completed. 

We turn to a variant of the Weyl spectrum, involving a condition introduced by Saphar 
[20] and the “ zero jump ” condition of Kato [12]. Let: 


pi(T) ={A €C: there exists « > 0 such that T — pI is Weyl and 


N(T — pl) C (| R(T —p1)"] if 0< |u-Al <4 


n=1 


and let pp(T) = C\ap(T), p(T) = C\o(T), o1(T) = C\pi(T). Then p(T) € po(T) € pi(T). 
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T is called isoloid if \ € isoo(T) => N(T — AI) F {0}. 
Theorem 2.4. T € B(X) is isoloid and generalized Weyl’s theorem holds for T if and 
only if o,(T) = op(T). 


Proof. Suppose T is isoloid and generalized Weyl’s theorem holds for T’. We only need to 
prove op(T) C o1(T). Let Ap € op(T) and suppose Ag € pi(T'). Then there exists € > 0 such 


that T — AI is Weyl and N(T — AI) C a R(T — AI)" if 0 < |A— Ao] < €. Since generalized 


n=1 


Weyl’s theorem implies Weyl’s theorem for T ({6,_ Theorem 3.9]), it follows that T — AI is 
Browder and therefor N(T — AI) = N(T —AI)N A R(T — AD)"] = {0} for 0 < JA— Aol <e, 


which means that T — AJ is invertible if 0 < |A-— dal 2 €. Then Ao is an isolated point in o(T). 
Thus Ao € E(T) = o(T)\cew(T) because T is isoloid. [9, Corollary 4.9] asserts that Ag is not 
in op(T), it is a contradiction. 

Conversely, Suppose o1(T) = op(T). By E(T) © pi(l) = pp(T), we get E(T) C 
o(T)\opw(T). Conversely, let Ao € o(T)\opw(T), that - is T — Aol is B-Weyl, then there 
exists € > 0 such that T — AI is Weyl and N(T — AI) C A R(T — AI)"| if 0 < |A— Aol < €, 


then Ao € pi(T) = pp(T). Thus 5 € E(T). In the faliewing: we will prove T is isoloid. Let 
Ao € isoa(T), then Ao € pi(T) = pp(T), thus Xo is a pole of T, so N(T — Aol) ¥ {0}, which 
means that T is isoloid. 

Corollary 2.5. Suppose T,S € B(X) are all isoloid. If generalized Weyl’s theorem holds 
for T and S and if p is a polynomial, then generalized Weyl’s theorem holds for 


p(T) => o1(p(T)) = p(or(T)) 


and generalized Weyl’s theorem holds for 


TOs ou(T } S) = 01(T) Uoi(S). 


Proof. If T and S are isoloid, then p(T’) and T @ S are isoloid. Then generalized Weyl’s 
theorem holds for p(T) = > o1(p(T)) = op(p(T)) = p(op(T)) = p(oi(T)) and generalized 
Weyl’s theorem holds for T@S <=> o1(T@S) = op(T OS) = op(T)Vap(S) = o1(T)VUo1(S). 

In the following, we suppose that H(T) ( H(o(T)) ) is the class of all complex-valued 
functions which are analytic on a neighborhood ( region ) of o(T)). 

Theorem 2.6. T € B(X), then 


ind(T — AI)ind(T — pI) > 0 for each pairA, u € C\o-(T) 


if and only if 
f(o(T)) S or(f(T)) for any f € A(T). 


Proof. Suppose ind(T — Al)ind(T — ul) > 0 for each pair A,u € C\o-(T). For any f € 
H(T), let uo € f(oi(L)) and suppose fio = f(Ao), where Ao € o1(T). If wo is not in oi (f(T)), 
then there exists 6 > 0 such that f(T’) — wl is Weyl and N(f(T) — wl) C () Ri(f(L) — wt”) 

n=1 
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if O < |w— po] < 6. Then pw © px(f(T)), where px(f(T)) = {A € C: R(f(LT) — AD) is 
closed and N(f(T) — AI) © () R[( f(T) — AD)”"]}, which is defined by T.Kato in [14]. In the 


n=1 
following we will prove that A» € p(T). By continuity of f(A), there exists « > 0 such that 
0 < |f(AQ) — fOo)| = |fA6) — Hol] < 6 if 0 < JAG — Aol < €. Then f(T) — f(AG)L is Weyl and 


N(F(T) — FO0)L) S A RUF) — fo) 2)"]. Thus f(Ap) is not in on(f(L)) = f(on(T)) (121, 


Satz 6]). So Ag € px(T), which means that N(T—AGI) C F) R[(L—AGL)"]. Clearly, Ao is not an 
n=1 

isolated point of o(T’). Suppose Aj € o(T) satisfies 0 < [AG — Ao| < €. Let h(A) = f(A) — f(A). 

Then h(A) 4 0 for all A € o%(T). Clearly, h has zeros in o(T). [21, Satz 3] asserts now that h 

has only a finite number of zeros in o(T). Let Ao, A4,--- , Aj, be these zeros (A; 4 A; for i ¥ J) 

and no,71,2,++* ,N%m be their respective orders. Then we can denote f(T) — f(Ag)L by 


FL) — FOO) = (PF — ADL — AD)" + (FAL) (PF) ; 


where g(T) is invertible and \; # A; for i,7 = 0,1,2,--- ,m. Since f(T) — f(AQ)L is Weyl, it 
follows that T’'— XJ is Fredholm and 0 = ind[ f(T) — f(AG) I] = 3 ind(T — XI)". Thus T— MI 
is Weyl. We now get that there exists « > 0 such that T — NI is Weyl and N(T — Al) C 
q R(T — Agl)"] if 0 < |AQ — Aol] < €. Then Ao € pi(T). It is in contradiction to the fact 


me oi(T). Then f(o1(T)) € o1(f(L)) for any f € A(T). 

For the converse, if there exist A, € C\o-(T) for which ind(T — \I) = -—m <0<k= 
ind(T — pI), let f(T) = (T — AD)*(T — pl)™. Then 0 € f(o1(T)) but 0 is not in o,(f(T)). It 
is a contradiction. The proof is completed. 

Corollary 2.7. If T € B(X) is isoloid and generalized Weyl’s theorem holds for T, then 
the following statements are equivalent: 

(1) ind(T — Al)ind(T — pI) > 0 for each pair \, uw € C\o,(T); 

(2) opw(f(T)) = fl(oaw(T)) for every f € H(o(T)); 
(3) generalized Weyl’s theorem holds for f(T) for every f € H(o(T)); 
(4) oi f(T) = flou(T)) for every f € H(o(T)). 
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Abstract In this study two parameter motion is given by using the rank of rotation matrix 
in Lorentzian space. It is shown locus of instantaneous screw axis is a ruled surface at any 
position of (A, 4) = (0,0). 
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81. Introduction and preliminaries 


Let IR” = {(ri,72,°°+ , 1) | 71, 7%2,-% € TR}be a n—dimensional vector space, r = 
(71, 12,°°* ;Tn) and s = (81, 82,°-+ ,8n) be two vectors in JR”, the Lorentz scalar product of r 
and s is defined by 
(r,8)p = —1181 +7283 +--+ +1TnSn 
L” = (IR",(,),) is called n—dimensional Lorentz space, or Minkowski n—space. We denote 
Las (IR",(,),) . For any r = (1,172,173), § = (81, 82,3) € L°, in the meaning Lorentz vector 


product of r and s is defined by 
r AL § = (1283 — 7382,7183 — 7381, 7281 — 7182) , 
where e1 Ay, €2 = —e3, €2 Ap e3 = eivector, a lightlike vector or a timelike vector if (r, ry, > 0, 
(r,r),; = 0 or (r,r); <0 respectively. For r € L”, the norm of r defined by ||r||;, = V/|(r,r)zl, 
and r is called a unit vector if ||r||; = 1 [5]. In the Minkowski n-space, the two parameter 
motion of a rigid body is defined by 
YO, 1) = AQ, w)X + CQ, 1H), (1.1) 


where A € SO(n, 1) is a positive semi orthogonal matrix, C € IR? is a column matrix, Y and 
X are position vectories of the same point B respectively, for the fixed and moving space with 
respect to semi orthonormal coordinate systems. The two parameter motion is given by (1.1), 
for (A, 4) = (0,0), we have 


A(0,0) = A~1(0,0) = A? (0,0) =I 
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and 
C(0,0) = 0. 


Then fixed and moving space is coincided. If A = A(t), 4 = u(t), then one parameter motion is 
obtained from two parameter motion. Since A € SO(n, 1), we have 


—-1 0 0 0 
0 1 

AT (A, weA(A, we = A(A, we AT (A, we = In, where € = 
0 2 oe a 0 
0 . . O 1 


non 


For the sake of the short we shall take as A7(A, 2) = A? and A(A, py) = A. 
Definition 1. Taking the derivation with respect to ¢ in equation Y(A, uw) = A(A, w)X + 


C(A, u) where let AX = A(t) and ps = u(t), then it follows that 
Y =YA+ Yass, 
A= AyA+ Aut, 
C=Cy\+ pbb 


Y=AX+C+AX. 
So Y, AEC : AX are called absolutely sliding and relative velocities of the point B has position 
vectories b , respectively. Let X be solution of system of V; = AX +C =0 and the solution 
is constant on the fixed and moving space at position t. These points X is called instantaneous 
pole points at every position t. 

Definition 2. If rank A = n —1 =r be an even number on the two parameter motion 
given by equation Y (A, 1) = A(A, w)X +C(A, 4), then at any position of points the locus having 
a velocity vector with stationary norm is a line. The line is called instantaneous screw axis and 
denoted by 1.8.A. [2]. Furthermore the moving space screw axis is defined by X = P+oFE 
where P is a particular solution of equation AX +C =O and E represent a bases of solution 
space of homogeneous equation AX =0. 


§2. The instantaneous screw axes of two parameter motions 


Theorem 1. Let A € SO(n,1) and let n be an odd number. Then the rank of A), and 
A, are even. 


Proof. Since 
AT (A, pe AQ, we = A(A, w)EAT (A, ne = In 


and A(0,0) = A7(0,0) = J, then 


AyeAte + AcAte =0,<c7=I, 
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Ay +eAte= 0 


and 
A,eAte+ Ac Ay é =0 


T 
A, + eA, = 0. 
Thus A) and A,, are semi skew-symmetric matrices. Since n is an odd number it follows that 


det Ay 
det A, 


0, 
0. 


l 


Thus it must be rank (A,) =r (even) and rank(A,,) =r (even). 
Theorem 2. Let A € SO(n,1). Then 


rank Ay, =0 & rank A, =0 


and 
rank Ay, =0 & rank A, = 0. 


Proof. Since 
A(A, eA" (A, Le = In (2.1) 


it takes derivation with respect to A, it follows that 


AyeATe + AcAte =0 


AyyeAte+ AyeAte + AyeAte + AcAlye =0 
Ay, AT + 2A,eATe + AcAt ec = 0. (2.2) 
Since rank Ay, = 0, we get Ay, = 0 and Ax = 0. We have following that (2.1) 
AyeAte =0=> AyeAt = 0. 

For every x € IR}, we have 

(AyeAX) x? = (0) a7 

(A,eAy) x7 =0 
a (AyeAX) «7 =0 
(Ay) e(2A,)" = 0. 


So that (vA), A), = 0 (from the non-degenere property), xA) = 0. Since it is true for every 
x € IR} , so we get Ay = 0 and rank(A,) = 0. It takes derivation with respect to y in the 
equation (2.1) similarly it follows that 


AyeAte + AcAle =0, 


AppeAte + AyeALe + AyeALe + Ac Aj, ,€ =0, 


ApmpeAte + 2A,eATE + Ac Aj,,€ =0. 
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Since rank (A,,,) = 0, we get A, = 0 and A7), = 0, thus we have 
A,eA,e =0=> A,eAy, =0. 


Since it is true for every x € IR!, we have the following 


(A,eAZ) 2” = (0) 27 
(A,eAz) 27 =0 
x (A,eA,) 2’ =0 
(cA, y) ¢(xA,)* =0. 


Hence 
(CA Ag ye = 0 


LA, = 0. 


For every x € IR}, it is true, we get A, = 0 and rank(A,,) = 0. Conversely it is obviously to 
see. 


§3. Special case n = 3 


Since A, and A,, are semi skew-symmetric matrices especially 


—jo ji O —ig 4 O 


Let A, = —eAfe, A, = —eATe. The equation X = A7*(A,p)Y(A,p) is obtained from the 
equation of Y(A,u) = A(A,u)X. By differentiating the equation Y(A,u) = A(A, u)X with 


respect to t , we have 
Yyr+ Yue = (Ad+ Ault) X 


= (A+ Apit) ATO WY OAH)- 


In the position (A, w) = (0,0), we have 


I 


YA+ Yyii (Ad + Auit) Y (A, p) 


QY (A, 1). 


Since A, and A, are semi skew-symmetric matrices, we get 


0 (isd 7 isit) = (ied fe izit) 
Q= (isd + isit) 0 = (jA+ ini) 
= (Jed + init) (AA + ini) 0 
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and also angular velocity matrix is an semi skew-symmetric. Since A matrix is semi orthogonal, 


we have the following equation 
A(A, we AT (A, we = I. 


Now differentiating with respect to t, it follows that 
(AA + Apis) ATO, ue + A(A we (ATA+ AT it) e = 0. 
For (A, 44) = (0,0), we obtain 
; aT 
(Ad 5: A, jt) +e (Ad Ba Ay,jt) ea 0) 
Since Q = AyA + A, Lt, it follows that 
Q+¢07e =0, 


where (2 is semi skew-symmetric matrix. Since pole points which are the points of sliding 
velocity is zero given by 


= 
y= (A+ A,,jt) X+ (CyAt Cult) 
is pole points of two parameter motion by 
YQ, pH) = AQ, w)X + CQ, yu). 


The equation 
(Ad + Auit) X4+ (CrA+ Cit) =f] (3.1) 


can be solution it must be rank (Ad + A, jt) =rankQ = 2. It follows that 
YO, #) = AQ, H) X + C0, 2) 


AQ, WX = — CO, #) 


A(A, w)A(A, w)X = Am*(A, 4) (V(A.H) — CO.H)) 
X=A7 - uw) (¥(A,H) — O(A1)). 


If we get write this value of X in the equation (3.1), we have 
(Ard + Apit) [A710 0) KO.) — CO, W))] + (CrA + Cyit) =0. (3.2) 
In the position (A, 4) =(0,0), we have 
(4A zh A,,jt) A“*(A, p) = (Ad Hs A,,jt) =(, 


And if we say 


then the equation (3.2) form 


An Y*(,p) + (CrA a Cyt) =i, (3.3) 
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The solution of equation (3.3) gives fixed pole points of the motion. For the solution of equation 
(3.3) it must be verified the condition 


(2, CyA + Cui), = 0. 


In generally, this condition can’t verify. But we can separate two composite velocities 
: => 
Cyr + Cyp either orthogonal 2 or parallel. If W is angular velocity matrix of moving space, 
then it can find W = A7!(A,)Q. Since A~'(0,0) = I, we have W = QQ in the position 


(A, 2) = (0,0). 
Let 0 
= —__— 
Olle 
and 
~. W 
Wie 


Then we have E* = 7nAE, where 7 € IR. For (X, ) = (0,0) and 7 = 1, it follows that 
EX =E. 
We can separate two components of the velocity Cat uit which form 


(Q, CA + Cy ft) 


(Q,O)7 ° 


= (CA a Cyft) 


and 


(Q, Cyd + Cyfl) L Q 


V= F 
(Q,.Q)1 


= => 
one is orthogonal to vector  , another is parallel to vector ] respectively, in which 


4.0. a) (Q,CrA+ Cub (eer aen) 
OA+C,¢= (CA 4 Cit) ( 5 a ne, § Xs tGulig, 
That is 
DiC AAC 
Qu), = (9,(ai+e,n)-5 ae a) 
’ L 5 

= \ ‘ (Q, Cyr + Cu ft) b 

= (2,C,A it) am, (9,2) 1 

= (9,044 Cult) — (2,044 Cult) 

= 0 
and 


10,0 = Cutt) E 


= (Q,Q)1 


= 
= off. 
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If we write velocity U replacing Cy A+ C',j2 in equation (3.3), we have this condition (Q, U),; =0 
is verified in this equation. Let rankQ = 2 ,then the system can be solution. Now we get the 
solution of the equation 

Q Ar Y*(A,u)+U =0. 


Here @Az (bAz @) = (a,b), 2 — (a, ca It follows that 
QA ,Y*(A,u) +U =0, 
QAr (QA, Y*(A, pw) + U) = 0, 
QAL(QALY*O, pw) +QALU =0, 


(2,0), Y*(A,w) — (O,Y"(A,w)), D+ QALY =0, 
(Q,Y*0, 1) 7 QAL U 


YO) = Teo, (0,9), 
. QALU 
ye OH) =~ o +o. 
’ L 


If we write the last equation replacing by the equation 


¥*(A,u) =¥(A,n) — C(A,w); 


so we have Gi 
Y(A, pH) =-— A= + C0, p) $00. 
(0,0), 
Hence we get 
Y(A,f)=Q+o00l,¢ €TR. (3.4) 


This means that it is a line which is passes though point Q and straight 2. The line is called 
fixed pole axis in the fixed space, the expression of the fixed pole axis in the moving space find 
to write instead of value Y(A, 4) in the equation (1.1), it follows that 


_AALU 


(2,9), + C(A, pw) FON = AA, w)X + CA, 1), 


+o0= A(A, L)X, 


= QA, U = 
X= ATO WG Gy + ATA WD. 
2 7T 


In the position (A, uw) = (0,0), it follows that 


QA, U 

xX = - +o, 
(QQ), 

X = Poa. 


If the pole axis of fixed and moving space coincide in the position (A, 4) = (0,0), we have P = Q 
=> 
and C(0,0) =0. Thus lines passes though points Q and P is straight Q , which are the pole 
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axis in fixed and moving space. In the position (A, 4.) of motion the lines have a velocity vector 
with stationary norm, locus of the lines which called instantaneous screw axis. The equations 


Y=Q+o2, o€IR 


X=P+409, ocIR 


depend only on parameters and ju. Thus there is oo? the one parameter motion. There are 
oo instantaneous screw axis since the parameters \ and js depend only on t [1]. The locus of 
this screw axis is a ruled surface. Indeed the following equations determine a ruled surface, 


Y(t,o0) = Q(t) + o0Q(t), oeEIR 


X(t,o0) = P(t) +oQ(t),o € IR. 
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Abstract In this paper, we study the interior structures of Girard quantale and the cyclic 
dualizing elements of Girard quantale. some equivalent descriptions for Girard quantale are 


given and an example which shows that the cyclic dualizing element is not unique is given. 
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§1. Preliminaries 


Quantales were introduced by C.J. Mulvey in [1] with the purpose of studying the spectrum 
of C*-algebras and the foundations of quantum mechanics. The study of such partially ordered 
algebraic structures goes back to a series of papers by Ward and Dilworth [2, 3] in the 1930s. 
It has become a useful tool in studying noncommutative topology, linear logic and C*-algebra 
theory [4-6]. Following Mulvey, various types and aspects of quantales have been considered 
by many researchers [7-9]. The importance of quantales for linear logic is revealed in Yetter’s 
work [10]. Yetter has clarified the use of quantales in linear logic and he has introduced the 
term “Girard quantale”. In [11], J. Paseka and D. Kruml have shown that any quantale can be 
embedded into a unital quantale. In [12], K.I. Rosenthal has proved that every quantale can 
be embedded into a Girard quantale. Thus, it is important to study Girard quantale. This is 
the motivation for us to investigate Girard quantale. In the note, we shall study the interior 
structures of Girard quantale and the cyclic dualizing element in Girard quantales. 

We use 1 to denote the top element and 0 the bottom element in a complete lattice. For 
notions and concepts, but not explained, please to refer to [12]. 

Definition 1.1. A quantale is a complete lattice Q with an associative binary operation 
“&” satisfying: 


a&(\f ba) = \f (ak&ba) and (\/ ba)&a = \/ (baka) 
for all a € Q, {ba} CQ. 
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An element e € Q is called a unit if a&e = e&a = a for all a € Q. Q is called unital if Q 
has the unit e. 

Since a&_ and _&a_ preserve arbitrary sups for all a € Q, they have right adjoints 
and we shall denote them by a —>, _ and a —; _ respectively. 

Proposition 1.2. Let Q be a quantale, a,b,c € Q. Then 

(1) a&(a —» b) <b; 

(2) a —, (b —, c) = b&a —, c; 

Again, analogous results hold upon replacing —>, by — . 

Definition 1.3. Let Q be a quantale, An element c of Q is called cyclic, if a —+, c= a— | 
c for alla € Q. d€ Q is called a dualizing element, if a = (a —>; d) —+, d= (a —, d) —, d 
for alla Ee Q. 

Definition 1.4. A quantale Q is called a Girard quantale if it has a cyclic dualizing 
element d. 

Let Q be a Girard quantale with cyclic dualizing element d and a,b € Q, define the binary 
operation “||” by al|b = (a+ &b+)+, then we can prove that a||_ and _||a preserve arbitrary infs 
for all a € Q, hence they have left adjoints and we shall denote them by a+—, _ and ar—, _ 
respectively. If a —>, d =a —+, d, we shall denote it by a —> d, or more frequently by a+ if 


d is a cyclic dualizing element. 


§2. The equivalent descriptions for Girard quantale 


In this section, we shall study the interior structures of Girard quantale and give some 
equivalent descriptions for Girard quantale. According to the above, we know that there are six 
binary operations on a Girard quantale such as _&_, . —,-, .-—1-, -||., --o,r., --o., 
we shall respectively call them multiplying, right implication, left implication, Par operation, 
dual right implication and dual left implication for convenience. 

Theorem 2.1. Let Q be a unital quantale, + : Q —> Q an unary operation on Q. Then 
Q is a Girard quantale if and only if 

(1) a —, b= (a&b)+; (2) a—, b= (b+ &a)*. 

Proof. The necessity is obvious. Sufficiency: suppose (1) and (2) hold, a € Q. Denote 


the unit element by e on Q, then a = e —; a = (e&at)+ = (at)+. Thus a= a+, hence 


a — et = (ak&e'+)+t = (ake)* =a. 


Similarly we get at = a —>, e+. Take d = e+, thus d is a cyclic element of Q. Again 


Va € Q,(a e+) et = at —> et = (at)t =a. This proves d = et 


is a dualizing 
element on @. Thus the proof is completed. 

Theorem 2.2. Let @ be a complete lattice. _.—-+,_: Q x Q —> Q is a binary operation 
on Q, a —, -: Q — Q and _ —, a: Q — Q” preserve arbitrary sups for all a € Q. 
+ :Q—= Q isa unary operation on Q, e € Q. For all a,b,c € Q, 

(1)e—,a=a; a—,et =a; 

OG) =a -¢nt0' <0 


(3) (a —, b+)+ —, c=a —, (b —, 0); 
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(4)e<a—,b' = a<b—,ct. 

Then Q is a Girard quantale and _ —,. _ is the right implication operation. 
Proof. Define the binary operation a&b = (b —>, a+)+ for all a,b € Q. 
& satisfies associative law: In fact, for all a,b,c € Q, 


(a&b)&e = (b —, at)*&e = (ce —, (b —, at))t. 


Using the condition (3), we have (ce —>, (b —, at))+ = ((e —, b+)+ —, at)t+. By the 


definition of the binary operation & we can get 


a&z(b&&c) = a& (ec —, b+)+ = ((e —, b+)+ —, at) 
So (a&b)&c = a&(b&c). 
Using the condition (4), we have a&b < c= (b —, at) <ceect<b—,at = 
b<a—, c for all a,b,c € Q. 
For any a € Q,{bi}ier C Q. If I = 0, then a&0 = (a —, 0+)+ = (a —, 1)+, since 
again (a —>, 1)+ <0 =$1<a—>, 1 <> a&l < 1, the last inequality obviously holds. So 
a&0 = 0. Thus aé&_ preserves empty-sups. If J 4 0, then 


a&(Vier bi) = ((Vier bi) r a7 )~ 
= (Nier(bi —r a7))~ 
= Vier(bi —r a~)~ 
= Vier(ak&bi). 
Hence a&_ preserves arbitrary sups for alla € Q. Similarly, we can prove _&a preserves arbitrary 


sups for all a € Q. Thus (Q, &) is a quantale. 


In accordance with the condition (1), we know e is the unit element corresponding to & 


on Q and a —>, et =a. Denote by a — _ the right adjoint of _&a. Then 


a—et = V{rEeQ\x<a—,et} 
Via € Q|zk&a < et} 
Vi{x € Q|(a —r a*)~ < ev} 
Viz € Qle<a—, z+} 
Via € Qla&e < x1} 
Vi{a € Qla< a} 
Via € Q|x <a>} 


= at. 


+ is also a 


This show e+ is a cyclic element in Q. Using conditions (1) and (2) we know e 
dualizing element on Q. Hence (Q, &, L) is a Girard quantale. We can easily prove _ —>, - is 
the right implication operation on Q by the above consideration. 

Theorem 2.3. Let Q be a complete lattice. _-—, _: Q x Q — Q is a binary operation 
in Q, ar, _: Q@ — Q and _+ >, a: Q°? — Q preserve arbitrary sups for all a € Q. 


+: Q—= Q is an unary operation in Q, d € Q. For all a,b,c € Q, 
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(1) d->,a=a; a+->,dt =a"; 

OQ) @ =a @it=)5" <a 

(3) (a>, b)+ — >, c=ar 4, (b+ >, ©); 

(4)e>ar>,b<—> bt >cr >, at. 

Then @ is a Girard quantale and _+—,,. _ is the dual right implication operation. 
Proof. Define binary operation a&b = (b+ +>, a) for all a,b € Q, 


(i) The binary operation & is associative: Since Va, b,c € Q, 


(a&b)&e = (b> +>, a)&c 


= Cc r>, (b+ t—, a) 


= (ctr, bjt, a 


= a&(b&c). 


VeraeN@rs “Aer =V eo 


ier i€l i€l i€l 

for any set I and {aj}ier CQ. 

(iii) For all a € Q, {bi}ier C Q, we have 

ak(\/ bj) = (VV b+ HO, a= AG >, a= V (7 >, a) = \/ (adbi). 
i€l ier i€l ier i€l 

Similarly we have (V/,-,0:)&a = Vj<,(bi&a). Hence (Q,&)is a quantale. Since a&d+ = 
(d4)t e+, a=dex,a=a; d&b= bt >, d = b, thus (Q,&) is a unit quantale 
with unit element d+. 

(iv) If a € Q, we have 


a—,d = V{xEQ|x# <a—,d} 
= Via € Q|z&a < d} 
= \V{z€ Qlat 4,2 < d} 
= V{rEeQ|d->,a<azt} 
= V{xe Q|z < at} 


= at. 


Similarly, a —+, d= at, hence d is a cyclic element in Q. d is also a dual element in Q by 
condition (2). Thus (Q, &) is a Girard quantale with cyclic dual element d. We easily know 
_+—>, _ is the dual right implication operation in Q by the definition of &. 

Obviously, Theorem 2.2 and Theorem 2.3 also hold if —-+, and +—, are substituted by 
— + and +— respectively, “right” and “left” replace each other. 

Theorem 2.4. Let Q be a unital quantale with a unary operation + satisfying the 
condition 
CN: (at)'=a and a—,b=b6' —y at 


for all a,b € Q. Then Q is a Girard quantale. 
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§3. The cyclic dualizing element of Girard quantale 


According to the definition of Girard quantale, we know that the cyclic dualizing element 
plays an important role in Girard quantale, so we shall discuss the cyclic dualizing element in 
this section. We shall account for whether the cyclic dualizing element is unique in a Girard 
quantale; when it is unique; whether these Girard quantales determined by different cyclic 
dualizing elements are different. Let us see the following example 

Example 3.1. Let Q = {0,a,b,c,1}, the partial order on Q be defined as Fig 1, the 
operator & on Q be defined by Table 1. Then we can prove that Q is a commutative Girard 
quantale. And we can prove that a,b and c are cyclic dualizing elements of Q. 


&|}0 a@ 6b c€ 1 
0/0 0 0 0 0 
1 a|0O b cola 1 
b}0O0 c€ a b6 1 
a Cc 
e|0 a 6 ¢c 1 
0 1}0 1 1 #1 ~=21 
Fig 1 Table 1 


Proposition 3.2. Let Q be a unital quantale with the unit element e. +! and +? satisfy 
the condition CN in Theorem 2.4. Then e+! = e+? if and only if +1 =12 . 
Proposition 3.3. Let Q be a quantale, dj, dz are cyclic dualizing elements of Q, ++,+2 
are unary operations on @ induced by dj, dz respectively. Then d, = dz if and only if ti ate, 
Theorem 3.4. Let Q be a Girard quantale. Then there is a one-to-one correspondence 
between the set of cyclic dualizing elements in Q and the set of unary operations satisfying the 
condition CN in Theorem 2.4. 
Proposition 3.5. Let Q be a Girard quantale. If 0 is a cyclic dualizing element of Q, 
then Q is strictly two-sided. 
Proof. Assume 0 is a cyclic dualizing element in Q. Then 0+ = 0 —> 0 = 1 is the unit 
of Q, hence Va € Q,a&1 = 1&a = a, this finished the proof. 
Proposition 3.6. If Q is a two-sided Girard quantale, then the unique cyclic dualizing 
element is the least element 0. 
Proof. If Q is a two-sided Girard quantale, then we have a = a&e < a&1 < a for all 
a € Q. Similarly, we have 1&a = a. Thus Q is strictly two-sided. Suppose d is a cyclic dual 
element in Q, + is the unary operation induced by d, then we have d = 1 —+ d= 1+ =0. the 
proof is finished. 
Corollary 3.7. Let Q be a Girard quantale with cyclic dualizing element 0. Then the 
cyclic dualizing element of Q is unique. 
Theorem 3.8. Any complete lattice implication algebra is a Girard quantale with unique 
cyclic dualizing element 0. 
According the above conclusions, we have a question : Whether the cyclic dualizing element 
must be the least element 0 if a Girard quantale has an unique cyclic dualizing element. The 
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answer is negative. Let us see the following example. 


Example 3.9. Let Q = {0,e,1}, the partial order on Q be defined by 0 < e < 1, the 


binary operation & be defined by Table 2 


&/O e 1 

0 O O 

e | 0 e 1 

1 0 1 1 
Table 2 


It is immediate to verify Q being a Girard quantale with the unique cyclic dualizing element 


Question 3.10. What is the necessary condition when the cyclic dualizing element of 


Girard quantale is unique? 
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Abstract In this paper y—compactness and v—Lindeloffness in topological space are intro- 
duced, obtained some of its basic properties and interrelations are verified with other types of 


compactness and Lindeloffness. 


Keywords v—compact, v—Lindeloff spaces 


81. Introduction 


After the introduction of semi open sets by Norman Levine various authors have turned 
their attentions to this concept and it becomes the primary aim of many mathematicians to 
examine and explore how far the basic concepts and theorems remain true if one replaces open 
set by semi open set. The concept of semi compactness was introduced by C. Dorsett in 1980. 
After him Reilly and Vamanamurthy studied about semi compactness during 1984. U.N. B. 
Dissanayake and K. P. R. Sastry introduced locally Lindeloff spaces. In the present paper we 
introduce the concepts of compactness and lindeloffness using v—open sets in topological spaces. 

Throughout the paper a space X means a topological space (X,7T). The class of y—open 
sets is denoted by v — O(X,7T) respectively. The interior, closure, v—interior, v—closure are 
defined by A°, A~, vA°, vA . 


In section 2 we discuss the basic definitions and results used in this paper. In sections 3 
and 4 we discuss about the y—compact and v—Lindeloffness in the topological space and obtain 


their basic properties. 


§2. Preliminaries 


A subset A of a topological space (X,7) is said to be regularly open if A = ((A)~)°, semi 
open(regularly semi open or v—open) if there exists an open(regularly open) set O such that 
Oc Ac (O)~ and v—closed if its complement is y—open. The intersection of all v—closed 
sets containing A is called v—closure of A, denoted by v(A)~. The class of all v—closed sets are 
denoted by vy — CL(X,7). The union of all y—open sets contained in A is called the v—interior 
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of A,denoted by v(A)°. A function f: (X, 7) — (Y, 0) is said to be y—continuous if the inverse 
image of any open|closed|set in Y is a y—open|[v—closed]set in X. v—irresolute if the inverse 
image of any v—open|v—closed]set in Y is a v—open|v—closed] set in X. v—open|{v—closed] 
if the image of every v—open|v—closed]set is v—open|v—closed]._ v—homeomorphism if f is 
bijective, v—irresolute and v—open. Let x be a point of (X,7) and V be a subset of X, then V 
is said to be y—neighbourhood of « if there exists a y—open set U of X such that r EU CV. 
x € X is said to be v—limit point of U iff for each v—open set V containing Vn (U—{a}) 4 @. 
The set of all y—limit points of U is called v—derived set of U and is denoted by D,(U). 

Note 1. Clearly every regularly open set is y—open and every v—open set is semi-open 
but the reverse implications do not holds good. that is, RO(X)c v — O(X) CSO(X). 

Theorem 2.1. If x is a y—limit point of any subset A of the topological space (X,7), 
then every v—neighbourhood of x contains infinitely many distinct points. 

Theorem 2.2. (i) union and intersection of any two v—open sets is not v—open. 

(ii) Intersection of a regular open set and a v—open set is y—open. 

(iii) If B CX such that AC BC (A)~ then B is v—open iff A is y—open. 

(iv) If A and R are regularly open and S is y—open such that RC S Cc (R)~. Then ANR 
=@>ANS=¢. 

Theorem 2.3. In a semi regular space, int v — O(X,7T) generates topology. 

Theorem 2.4. (i) Let AC Y C X and Y is regularly open subspace of X then A is 
v—open in X iff A is y—open in T/y. 

(ii) Let Y C X and A € v—O(Y,7;y) then Ac v—O(X,r) iff Y is y—open in X. 

(iii) Let Y C X and Ais a v—neighborhood of x in. Then A is a y—neighborhood of «x in 
Y iff Y is vy—open in X. 

Theorem 2.5. An almost continuous and almost open map is v—irresolute. 

Example 1. Identity map is v—irresolute. 

Remark 1. For any topological space we have the following interrelations. 

(i) compact = nearly-compact = almost compact = weakly compact. 


(ii)compact = semi-compact where none of the implications is reversible. 


§3. v—Compact spaces 


Definition 3.1. A space X is said to be 

(i) v—compact space if every v—open cover of it has a finite sub cover. 

(ii) Countably v—compact space if every countable y—open cover of it has a finite sub 
cover. 

(iii) o — v—compact if it is the countable union of y—compact spaces. 

Theorem 3.1. Let (X,7) be a topological space and A C X. Then A is y—compact 
subset of X iff the subspace (A,7,,4) is y—compact. 

Theorem 3.2. (i) v—closed subset of a (countably) v—compact space is (countably) 
v—compact. 

(ii) A v—irresolute image of a (countably) v—compact space is (countably) v—compact. 

(iii) countable product of (countably) v—compact spaces is (countably) v—compact. 
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(iv) countable union of (countably) v—compact spaces is (countably) v—compact. 

Remark 2. (countably) y—compactness is a weakly hereditary property. 

Theorem 3.3. For a v — T, topological space X the following statements are equivalent 

(i) X is countably v—compact. 

(ii)Every countable family of y—closed subsets of X which has the finite intersection prop- 
erty has a non-empty intersection. 

(iii)Every infinite subset has an y—accumulation point. 

(iv) Every sequence in X has a v—limit point. 


(v) Every infinite y—open cover has a proper sub cover 


Theorem 3.4. Every v—irresolute map from a y—compact space into a v — T,—space is 
v—closed. 

Proof. Suppose f: X — Y is v—irresolute where X is y—compact and Y is vy — Ty. Let 
C be any v—closed subset of X. Then C is y—compact and so f(C) is y—compact. But then 
f(C) is v—closed in Y (by Theorem 3.2). Hence the image of any v—closed set in X is v—closed 
set in Y. Thus f is v—closed. 

Theorem 3.5. An v—continuous bijection from a y—compact space onto a v — T>—space 
is a y—homeomorphism. 

Proof. Let f: X — Y be a v—continuous bijection from a y—compact space onto a v — T>- 
space. Let G be an v—open subset of X. Then X-G is v—closed and hence f(X-G) is v—closed 
(by Th 3.2). Since f is bijective f(X — G) = Y — f(G). Therefore f(G) is y—open in Y implies 
f is v—open. Hence f is bijective v—irresolute and y—open. Thus f is y—homeomorphism. 

Definition 3.2. A space X is said to be Locally y—compact space if every « € X has a 
v— neighborhood whose closure is ycompact. 

Note 2. Every vy—compact space is locally v—compact. 

Theorem 3.6. If f: (X,7) > (Y,¢) is v—irresolute, v—open and X is locally y— compact, 
then so is Y. 

Proof. Let y © Y. Then dz € X 5 f(x) = y. Since X is locally v—compact x has a 
v—compact neighborhood V Then by v—irresolute, v—open of f, f(V) is a y—compact neigh- 


borhood of y. Hence Y is y— compact. 

Corollary 1. If f: (X,7) — (Y,c) is v—irresolute, y—open and X is y— compact, then Y 
is Locally v—compact. 

Proof. Obvious from above two theorems. 

Theorem 3.7. Let (X,7) be a topological space and A C X. Then A is locally y—compact 
subset of X iff the subspace (A,7/,) is locally y—compact. 

Theorem 3.8. (i) v—closed subset of a locally y—Compact space is locally y—Compact. 

(ii) countable product of locally y—Compact spaces is locally y—Compact. 

(iii) countable union of locally y—Compact spaces is locally y—Compact. 

Theorem 3.9. For a topological space X, the following are equivalent 

(i) X is y—compact. 

(ii) Every family of y—closed subsets of X, having empty intersection has a finite subclass 
with empty intersection. 
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(iii) Every family of y—closed subsets of X which has the finite intersection property(f.i.p) 
has a non-empty intersection. 

Theorem 3.10. Every v—compact, v—Hausdorff space is almost v—regular. 

Theorem 3.11. Every pair of disjoint v—compact subsets of a Hausdorff space have 
disjoint v—open neighbourhoods. 

From the definitions and remark 1, we have the following: 

Remark 3. For any topological space 
nearly-compact = v—compact => semi-compact but the converse is not true in general. 

Weakening covering condition from finite cover to countable cover, we have the following 


as a easy consequence of the above section. 


84. v—Lindeloff and locally »—Lindeloff spaces 


In this section we define Lindeloffness using v—open sets their properties and characteri- 
zations are verified 

Definition 4.1. A space (X,T) is said to be 

(i) v—Lindeloff space if every v—open cover of it has a countable sub cover. 

(ii) o — v—Lindeloff if it is the countable union of y—Lindeloff spaces. 

Theorem 4.1. Let (X,7) be a topological space and A C X. Then A is v—Lindeloff 
subset of X iff the subspace (A,7/,4) is v—Lindeloff. 

Theorem 4.2. (i) y—closed subset of a v—Lindeloff space is y—Lindeloff. 

(ii) countable product of v—Lindeloff spaces is y—Lindeloff. 

(iii) countable union of v—Lindeloff spaces is v—Lindeloff. 

Definition 4.2. A space (X,7T) is said to be locally y—Lindeloff space if every « € X has 
a v—Lindeloff neighborhood. 

Note 3. Every v—Lindeloff space is locally v—Lindeloff. 

Theorem 4.3. If f: (X,7) > (Y,¢) is v—irresolute, v—open and X is locally v—Lindeloff, 
then so is Y. 

Proof. Let y € Y. Then da € X 5 f(x) = y. Since X is locally v—Lindeloff x has 
a v—Lindeloff neighborhood V Then by v—irresolute, v— open of f, f(V) is a v—Lindeloff 
neighborhood of y. Hence Y is y—Lindeloff. 

Corollary 2. If f: (X,7) — (Y,c) is v—irresolute, v—open and X is v—Lindeloff, then Y 
is Locally v—Lindeloff. 

Theorem 4.4. Let (X,7) be a topological space and A C X. Then A is locally v—Lindeloff 
subset of X iff the subspace (A,7/,) is locally v—Lindeloff. 


Theorem 4.5. (i) y—closed subset of a locally y—Lindeloff space is locally v—Lindeloff 
(ii) countable product of locally v—Lindeloff spaces is locally v—Lindeloff. 

(iii) countable union of locally v—Lindeloff spaces is locally v—Lindeloff. 

Theorem 4.6. For a Topological space X, the following are equivalent 

(i) X is y—Lindeloff. 

(ii) Every family of v— closed subsets of X, having empty intersection has a countable 


subclass with empty intersection. 
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(iii) Every family of v—closed subsets of X which has the countable intersection condi- 
tion(c.i.c) has a non-empty intersection. 

Remark 4. For any topological space we have the following interrelations. 

(i) Lindeloff > nearly-Lindeloff > almost Lindeloff > weakly Lindeloff. 

(ii)Lindeloff + semi-Lindeloff where none of the implications is reversible. 

Remark 5. For any topological space 
nearly-Lindeloff = v—Lindeloff = semi-Lindeloff but the converse is not true in general. 


Remark 6. 
v—compact => v—Lindeloff 
I 1 


locally yv—compact => locally v—Lindeloff. 
none is reversible 
Conclusion. 
In this paper we defined new compact and lindeloff axioms using y—open sets and studied 
their interrelations with other compact and lindeloff axioms. 
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Abstract We define A,,—sets, V..—sets, g. \, —sets and g. V, —sets and characterize these 

sets for the collection Q = {u, a, o, 7, b, B} of generalized topologies. For each Kt € 2, we 

also define and characterize the separation axioms « — 7T;,i = 0,1,2 and « — Ri,i = 0,1. 
Keywords y—open, y—closed, y—semiopen, y—preopen, ya—open, y3—open and yb—open sets, 


generalized topology. 


81. Introduction 


In 1997, Professor A. Csaszar [1] nicely presented the open sets and all weak forms of open 
sets in a topological space X in terms of monotonic functions defined on o(X), the collection 
of all subsets of X. For each such function y, he defined a collection 4 of subsets of X, called 
the collection of y—open sets. A is said to be y—open if A C 7(A). B is said to be y—closed 
if its complement is y—open. With respect to this collection yz of subsets of X, for A Cc X, the 
y—interior of A, denoted by 7,(A), is defined as the largest y—open set contained in A and the 
y—closure of A, denoted by c,(A), is the smallest y—closed set containing A. It is established 
that 4 is a generalized topology [3]. In [5], y—semiopen sets are defined and discussed. In [7], 
‘ya—open sets, y—preopen sets and y3—open sets are defined and discussed. yb—open sets are 
defined in [6]. If a is the family of ya—open sets, o is the family of all y—semiopen sets, 7 is 
the family of all y—preopen sets, b is the family of all yb—open sets and ( is the family of all 
yG—open sets, then each collection is a generalized topology. Since every topological space is 
a generalized topological space, we prove that some of the results established for topological 
spaces are also true for the generalized topologies 2 = {u, a, o, 7, b, GB}. In section 2, we 
list all the required definitions and results. In section 3, we define the A, and V, operators 
for each & € Q and discuss its properties. Then, we define A,,—sets, V,,—sets, g. \, —sets and 
g. Vx, —sets and characterize these sets. In section 4, for each & € Q, we define and characterize 
the separation axioms « — T;,i = 0,1,2 and « — R;,i = 0,1. 
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§2. Preliminaries 


Let X be a nonempty set and [T = {y: o(X) — e(X) | 7(A) C 7(B) whenever A c B}. 
For y € I, a subset A C X is said to be y—open [1] if A C 7(A). The complement of a y—open 
set is said to be a y—closed set. A family € C ¢(X) is said to be a generalized topology [3] if 
0 € € and € is closed under arbitrary union. The family of all y—open sets, denoted by p, is a 
generalized topology [4]. A CX, is said to be y—semiopen [5] if there is a y—open set G such 
that GC A C c,(G) or equivalently, A C c,iy(A) [8, Theorem 2.4]. A is said to be y—preopen 
[7] if A C i,c,(A). A C X, is said to be ya—open [7] if A C i,c,i,(A). A is said to be yG—open 
[7] if A C c,t,c,(A). A is said to be yb—open [6] if A C i,c,(A) U cyi,(A). In [4], [5], [6] and 
[7], it is established that each « € Q is a generalized topology and so c, and i,, can be defined, 
similar to the the definition of c, and i,. In this paper, for « € ©, the pair (X,x) is called a 
generalized topological space or simply a space. For each y € I, a mapping y* : e(X) > e(X) 
[1] is defined by y*(A) = X —7(X — A). Clearly, y* € T. The following lemmas will be useful in 
the sequel. Moreover, one can easily prove the following already established results of Lemma 
Queda 

Lemma 2.1. Let X be a nonempty set, y € ['(X) and « € 2. Then the following hold. 

(a) A C c,(A) for every subset A of X. 

(b) If A Cc B, then c,,(A) C c.(B). 

(c) For every subset A of X, x € c,,(A) if and only if there exists a k—open set G such that 
ANG #£Q (For « = y, it is established in Lemma 2.1 of [2]). 

(d) A is K—closed if and only if A = c,(A). 

(e) c,(A) is the intersection of all k—closed sets containing A. 

Lemma 2.2. Let X be a nonempty set and y € I'(X). Then X is y—semiopen [5, 
Proposition 1.2]. 


§3. V—sets and /\—sets 


In this section, for the space (X,«), « € 9, we define V—sets, A—sets, g. V —sets and 
g. \ —sets. For 0 € 2, V—sets and A—sets are defined in [5]. For A C X, we define A,,(A) = 
Uc xX | ACU and U € «} and V,(A) = UU C X | U C A and U is «closed }. The 
following Theorem 3.1 gives the properties of the operator A,,. Example 3.2 below shows that 
the two sets in 3.1(e) are not equal. 

Theorem 3.1. Let A, B and {C, |v © A} be subsets of X, y € T and « € 2. Then the 
following hold. 

(a) If Ac B, then A,(A) C Ax (B). 
b)A CA, (A). 
c)Ax(Aw(A)) = Ax(A). 
d)A,(U{C, | 6 € A}) = U{A,(C,) | ee A}. 
e)A,(M{C, | 6 € A$) CA{A.(C.) | 6 € A}. 
f) If AE k, then A,,(A) = A. 


( 
( 
( 
( 
( 
(g)An(A) = {2 | cx({r}) 1A FO}. 
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(h)y € A,.({x}) if and only if x € c,({y}). 

(Anat) A Ac ({y}) if and only if c.({a}) A ce ({yt)- 

Proof. 

(a). Suppose x ¢ A,(B). Then there exists G € « such that B C G and a ¢ G. Since 
AC B, there exists G € « such that AC G and x ¢ G and so x ¢ A,(A) which proves (a). 

(b). The proof follows from the definition of A,. 

(c). By (b), A C A,x(A) and so by (a), Ag(A) C Ag(An(A)). Let « ¢ A,(A). then there 
exists G € « such that A C G and x ¢ G which implies that A,,(A) C G and x ¢ G. Therefore, 
x € \(A,(A)) which implies that A,(A,(A)) C A,(A). This completes the proof. 

(d) Clearly, by (a), U{Ax(C.) | «6 € A} C A, (ULC, | « € A}). Conversely, suppose x ¢ 
U{A,(C,) | « € A}. Then x ¢ A,(C,) for every » € A. Therefore, for every 1 € A, there 
exists G, € « such that C, C G, and a ¢ G,. Let G = U{G, | « € A}. Then x ¢ G and 
U{C, | 6 € A} C G which implies that x ¢ A,,(U{C, | 1 € A}). This completes the proof. 

(e) The proof follows from (a). 

(f) The proof follows from the definition of /,,. 

(g) Let x € A,(A). If eg({z}) MN A = QO, then X — c,({x}) is a K—open set such that 
Ac X~-c,({x}) and « ¢ X —c,({x}). Therefore, x ¢ A,,(A), a contradiction to the assumption 
and so c,({z}) N A # ). Hence A,x(A) C {a | cx({z}) A A 4 O}. Conversely, suppose for 
crEX, e({z})NAFO. If x ¢ A,(A), then there exists a «—open set G such that A C G and 
x € G. Therefore, x € X — G which implies that c,({#}) C «.(X —G) =X -—-Gc xX -—Aand 
so ¢,({z}) NA = 9, a contradiction. Therefore, {a | c,({a}) NA 4 9} C A, (A). This completes 
the proof. 

(h) Suppose y € A,,({x}). Then y € G whenever G is a k—open set containing x. Suppose 

x € cx({y}), then there is a k—closed set F' such that {y} C F and « ¢ F. Since X —Fiisa 
&—open set containing x, y € F and so cx ({y}) C cx(F’) = F which implies that c,({y}) {a} = 
0. By (g), y €A.({x}), a contradiction. Hence x € c,({y}). 
Conversely, suppose x € c,({y}). If y € Ax({x}), there exists a s—open set G containing x such 
that y ¢ G. Now y € X —G implies that c,({y}) C «.(X —G) = X —GcCc X — {x} and so 
en({y}) N{x} = 0 which implies that x ¢ c,({y}), a contradiction to the hypothesis. Therefore, 
y €A,({x}). This completes the proof. 

(i) Suppose A,({z}) # Ax({y}). Assume that z € A,({x}) and z ¢ A,({y}). Then by (h) 
and (g), « € c.({z}) and fy} Nc, ({z}) = 0 and so cy, ({x}) C cx ({z}) and {y} Ne. ({z}) = 0. 
Therefore, c,({x}) 9 {y} = @ which implies that c,({z}) 4 c.({y}). 

Conversely, suppose c,({x}) # c,({y}). Assume that z € c,({x}) and z ¢ c,({y}). By (h), 
xe A, ({z}) and y ¢ A,..({z}) and so A,({x}) C Ax ({z}) and {y} M Ax({z}) = 0 which implies 
that {y} NAx«({x}) = 0. Therefore, A,.({y}) # Ax({x}) which completes the proof. 

Example 3.2. Let X = {a,b} and y: (X) — @(X) be defined by (0) = 0, y({a}) = 
{db}, y({b}) = {b}, y(X) = X. Then uw = {0, {db}, X}. If A = {a}, B = {b}, then A,(A) = 
X, Ay(B) = Band A,(AN B) = A,(O) = @. Since Ay (A) N Ap(B) = B, Ap(A)NA,(B) 4 
Ap(AN B). 

The proof of the following Theorem 3.3 is similar to that of Theorem 3.1 and hence the 
proof is omitted. Example 3.4 shows that the two sets in 3.3(d) are not equal. Theorem 3.5 
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below gives the relation between the operators A, and V,. 

Theorem 3.3. Let A, B and {C, |v © A} be subsets of X, y € T and « € 2. Then the 
following hold. 

(a) If A C B, then V,,(A) C V,,(B). 

(b)Vq(A) C 

(C)Vie(Vie(A — (A). 

(d)V,,.(U{C, | 6 € A}) D ULV,.(C,) | e € Af. 
(e)VK(M{C. | ¢ € A}) = N{Vn(C.) | 6 © A}. 
(f) If A is k—closed, then V,,(A) = A. 

Example 3.4. Let X = {a,b,c,d} and y : @(X) — @(X) be defined by 7(0) = 
0, yah) = {0}, v{}) = {ce}, v(tek) = {b}, 1 a}) = {a}, v({a,b}) = {b,c}, v({a,c}) = 
{b}, y({a, d}) = {6, dh, 1({b, ch) = {b,c}, 1b, d}) = te, d}, ye, dt) = {8,4}, y({a,6, ch) = 
{b,c}, y({b,c,d}) = {b, c,d}, y({a,c,d}) = X, y({a,b,d}) = {b,c,d} and 7(X) = X. Then 
pe = {0, {d}, {b, c}, {a, c,d}, {b, c,d}, X}. If A = {a}, B = {d}, then V,(A) = {a}, V,(B) = 0 
and V,,(AUB) = V,,({a,d}) = {a,d}. Since V,,(A)UV,(B) = A, V,(A)UV, (8) 4 V,y(AU B). 
If A= {a,c, d}, then V,,(A) = A but A is not j—closed. This shows that the reverse direction 
of Theorem 3.3 (f) is not true. 

If A = {c,d}, then A,,(A) = A but A is not u—open. This shows that the reverse direction 
of Theorem 3.1(f) is not true. 

Theorem 3.5. Let A be a subset of X, y €T and « € 2. Then the following hold. 

(a)A,(X — A) = X —V,(A). 

(b)V,,(X — A) = X — A,(A). 

(c) (An)* = Ve: 

(d)(Vi)* = Aue 

Proof. (a) and (b) follow from the definitions of A,, and V,,. 

(c) If A C X, then (A,,)*(A) = X —A,,(X — A) = X —(X —V,(A)) = V,(A) and so (Ax)* = Vix. 
(d) The proof is similar to the proof of (c). 

If X is a nonempty set, y € ['(X) and « € Q, a subset A of X is said to be a V,—set 
if A = V,,(A) and A is said to be a A,—set if A = A,(A). In any space (X,«), the following 
Theorem 3.6 lists out the V,,—sets and the A,,—sets. 

Theorem 3.6. Let X be a nonempty set, y € [(X) and « € 2. Then the following hold. 


(a) 0 is a A,,—set. 

(b) A is a A,,—set if and only if X — A is a V,,—set. 

(c) X is a V,,—set. 

(d) The union of A,,—sets is again a A,,—set. 

(e) The union of V,,—sets is again a V,,—set. 

(f) The intersection of A,,—sets is again a A,,—set. 

(g) The intersection of V,,—sets is again a V,,—set. 

(h) Ife € 0, =Q-{p, a, 7}, then X is a A,—set and so —) is a V,,—set. 


Proof. 
(a) follows from Theorem 3.1(f) since @ € « for every K€ 2. 
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(b) Suppose A is a A,,—set. Then A = A,,(A). Now X — A= X —A,(A) = V(X — A), 
by Theorem 3.5(b). Therefore, X — A is a V,—set. The proof of the converse is similar with 
follows from Theorem 3.5(a). 

(c) follows from (a) and (b). 

(d) Let {A, | « € A} be a family of A,,—sets. Therefore, A, = A,(A,) for every u € A. 
Now A,(U{A, | e € A}) = U{A,(A,) | 6 € A}, by Theorem 3.1(d) and so A,(U{A, | « € A}) = 
U{A, |e e A}. 

(e) Let {A, | 1 € A} be a family of V,,—sets. Therefore, A, = V,,(A,) for every v € A. 
Now U{A, | 1 € A} = Uf{V,(A,) | 6 € A} C V,(U{A, | 6 € A}) by Theorem 3.3(d) and so 
V,(U{A, | oe € A}) = U{A, | be € A} by Theorem 3.3(b). 

(f) Let {A, | « € A} be a family of A,,—sets. Therefore, A, = A,(A,) for every u € A. 
Now N{A, | « € A} = {An (A,) | 6 € A} DAK (A{A, | ¢ € A}) by Theorem 3.1(e) and so 
An(A{A, | oe € A}) =N{A, | e € A} by Theorem 3.1(b). 

(g) Let {A, | « © A} be a family of V,,—sets. Therefore, A, = V,(A,) for every u € A. 
Now V,(N{A, | 6 € A}) = N{V,(A,) | ¢ € A}, by Theorem 3.3(e) and so V,(N{A, | 1 € A}) = 
M{A, | ee A}. 

(h) Since X € o by Lemma 2.2, X € « for every & € Q; and so the proof follows from (a) 
and (b). 

Remark 3.7. Let 7, = {AC X |A=A,(A)} and r* ={A CX |A=V,(A)}. Then 
T, and 7“ are topologies by Theorem 3.6, such that arbitrary intersection of 7,,—open sets is a 
T,—open set and an arbitrary intersection of T*—open sets is a 7“—open set. 

Let X be a nonempty set, y € [(X) and « € Q. A subset A of X is called a generalized 
A,—set (in short, g. A, —set) if A,(A) C F whenever A C F and F is x—closed. B is called a 
generalized V,,—set (in short, g. V; —set) if X — B is a g. A, —set. We will denote the family 
of all g. \,, —sets by D** and the family of all g. V, —sets by DY". The following Theorem 3.8 
shows that D’* is closed under arbitrary union and DY* is closed under arbitrary intersection. 
Theorem 3.9 below gives a characterization of g. V,, —sets. 

Theorem 3.8. Let X be a nonempty set, y € ['(X) and « € 2. Then the following hold. 

(a) If B, € D”* for every « € A, then U{B, |u¢ A} € D*. 

(b) If B, € DY* for every 1 € A, then N{B, |. € A} E DY*. 

Proof. (a) Let B, € D’** for every 1 € A. Then each B, is a g. A, —set. Suppose F' is 
«&—closed and U{B, | 1 € A} Cc F. Then for every 1 € A, B, C F and F is k—closed. By 
hypothesis, for every 1 € A, A,(B,) C F and so U{A,(B,) | + € A} Cc F. By Theorem 3.1(d), 
Ax(U{B, | + € A}) C F and so U{B, | € A} E D”*. 

(b) Let B, € DY* for every 1 € A. Then each B, is a g. V;, —set and so X — B, € D”* 
for every t € A. Now X — (N{B, | 1 € A}) = UX — B, |v € A}) € D”*, by (a). Therefore, 
M{B,|ee A}e Ds. 

Theorem 3.9. Let X be a nonempty set, y € [(X) and « € 2. Then a subset A of X is 
ag. V, —set if and only if U C V,(A) whenever U C A and U is k—open. 

Proof. Suppose A is a g. V, —set. Let U be a «—open set such that U C A. Then 
X —U is a «—closed set such that X —-U > X — A and so A,(X —U) D A,(X — A). Therefore, 
X—-UDA,(X — A) =X —V,,(A) and so U C V,,(A). Conversely, suppose the condition holds. 
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Let A be a subset of X. Let F be a «—closed subset of X such that X-AC F. Then X-F CA 
and so by hypothesis, X — F Cc V,(A). Then X —V,,(A) C F and so A,(X — A) C F which 
implies that X — A isa g. A, —set. Therefore, A is a g. V,, —set. 

The remaining theorems in this section give some properties of g. VV, —sets and g. A, —sets. 

Theorem 3.10. Let 7 € X, y €T(X) and « € 2. Then the following hold. 

(a) {x} is either a K—open set or X — {x} is a g. A, —set. 

(b) {x} is either a k—open set or a g. V,, —set. 

Proof. (a) Suppose {2} is not a k—open set. Then X is the only «—closed set containing 
X — {x} and so A,,(X — {x}) C X. Therefore, X — {x} is a g. A, —set. 

(b) Suppose {z} is not a K—open set. By (a), X — {x} is a g. A, —set and so {x} isa 
g. Vx, —set. 

Theorem 3.11. Let X be a nonempty set, y € T'(X) and« € 0. If Bisa g.V,,—set and 
F is a k—closed set such that V,,(B) U(X — B) C F, then F = X. 

Proof. Since B isa g.V,—set, X — Bis ag. A, —set such that X — BC F. Therefore, 
A,x(X—B) C F which implies that X—F C V,,(B). Also, V,,(B) C Fandso X-—F Cc X-V,,(B). 
Hence X — FC V,(B)N(X —V,(B)) =. Therefore, F = X. 

Corollary 3.12. Let X be a nonempty set, y © [(X) and « € ©. If Bisa g. V,, —set 
such that V,,(B) U(X — B) is «—closed, then B is a V,,—set. 

Proof. By Theorem 3.11, V,(B) U(X — B) = X and so X — (V,(B) U(X — B)) = 0 
which implies that (X — V,(B))M B = 9. Therefore, B C V,(B) and so by Theorem 3.3(b), 
B=V,(B). 

Theorem 3.13. Let X be a nonempty set, y © [(X) and « € 9. If A and B are subsets 
of X such that AC BC A,(A) and A is a g. A, —set, then B is a g. A, —set. In particular, if 
Aisa g. A, —set, then A,(A) is a g. A, —set. 

Proof. Since AC BC A,(A), An(A) C An(B) C An(An(A)) = An (A) and so A, (A) = 
A,,(B). If F is any «—closed set such that B C F, then A C F and so A,(B) = A,(A) C F. 
Therefore, B is a g. A, —set. 

Corollary 3.14. Let X be a nonempty set, y € T'(X) and « € Q. If A and B are subsets 
of X such that V,(A) C Bc Aand Aisa g.V, —set, then B is a g. Vx —set. In particular, if 
Aisa g.V, —set, then V,(A) is a g. V, —set. 


§4. Some separation axioms in generalized topological spaces 


Let X be a nonempty set, y € ['(X) and « € Q. Then (X,x) is called a « — T; space if 
for all xz, y € X, x # y, there exists a k—open set G such that « € G and y ¢ G and there 
exists a K—open set H such that x ¢ H and y € H. o—T; space is defined in [5]. The following 
Theorem 4.1 gives a characterization of  — T; spaces in terms of k—closed sets and Theorem 
4.2 gives a characterization of « — T; spaces in terms of /A,,—sets. 

Theorem 4.1. Let X be a nonempty set, y © [(X) and « € Q. Then (X,«) isan — Ty 
space if and only if every singleton set is a k—closed set. 

Proof. Suppose (X,«) isa «— TT, space. Let x € X. If y © X — {x}, then x ¥ y. By 
hypothesis, there exists a k—open set H, such that y € H, anda ¢ H, andsoy € H, C X—{z}. 
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Hence X — {x} =U{H, | y © X —{x} } is k—open and so {x} is k—closed. Conversely, suppose 
each singleton set is a k—closed set. Let 7, y € X such that « 4 y. Then X — {x} and X — {y} 
are K—open sets such that y € X — {x} and x € X — {y}. Therefore, (X,) is a k — T, space. 

Theorem 4.2. Let X be a nonempty set, y € [(X) and « € 2. Then (X,4) isan —T; 
space if and only if every subset of X is a A,,—set. 

Proof. Suppose (X,«) is a « — T; space. Let A be subset of X. By Theorem 3.1(b), 
AC A,(A). Suppose x ¢ A. Then X — {x} is a K—open set such that A C X — {x} and so 
Ax(A) C X — {x}. Hence every subset of X is a A,—set. Conversely, suppose every subset of 
X isa A,—set and so A,({x}) = {x} for every « € X. Let x, y © X such that « 4 y. Then 
y € Ag({x}) and a ¢ A,x({y}). Since y ¢ A,x({x}), there is a k—open set U such that « € U 
and y ¢ U. Similarly, since x ¢ A,({y}), there is a kK—open set V such that y € V and x ¢ V. 
Therefore, (X,«) is a & — Ty space. 

Corollary 4.3. Let X be a nonempty set, y € [(X) and « € Q. Then the following are 
equivalent. 

(a) (X,«) is a « — T) space. 

(b) Every subset of X is a A,,—set. 

(c) Every subset of X is a V,,—set. 

Proof. (a) and (b) are equivalent by Theorem 4.2. 

(b) and (c) are equivalent by Theorem 3.5(b). 

Theorem 4.4. Let X be a nonempty set, y € T(X), « € Nand A Cc X. Then the following 
hold. 

(a) If A is a A,,—set, then A is a g. A,, —set. 

(b) If A is a V,,—set, then A is a g. V, —set. The reverse directions are true if (X,«) isa 
« — T, space. 

Proof. 

(a) Suppose A is a A,—set. Then A = A,(A). If A C F where F is «closed, then 
A=A,(A) C F. Therefore, A is a g. A, —set. 

(b) The proof is similar to the proof of (a). 

The reverse directions follow from Corollary 4.3. 

Let X be a nonempty set, y € '(X) and « € ©. (X,4) is said to be a « — Tp space if for 
distinct points z and y in X, there exists a k—open set G containing one but not the other. 
Clearly, every & — T, space is a k — To space. Since every topology is a generalized topology 
and in a topological space, To spaces need not be 7 spaces, « — Tp spaces need not be « — To 
spaces. Theorem 4.5 gives a characterization of k — Tg spaces. The easy proof of Corollary 4.6 
is omitted. 

Theorem 4.5. Let (X,«) be a k-space where y € [(X) and « € 2. Then (X,4) isa 
«& — To space if and only if distinct points of X have distinct «—closures. 

Proof. Suppose (X,«) is a « — Ty space. Let x and y be points of X such that x F y. 
Then there exists a k—open set G containing one but not the other, say x € Gand y ¢ G. Then 
y € c.({x}) and so c,({x}) # cx ({y}). Conversely, suppose distinct points of X have distinct 
«—closures. Let « and y be points of X such that « 4 y. Then c,({x}) 4 cx({y}). Suppose 
z © cx({x}) and z ¢ cx ({y}). If « € cx ({y}), then c.({x}) C cx ({y}) and so z € cx({y}), a 
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contradiction. Therefore, « ¢ c,({y}) which implies that « € X — c,({y}) and X — cy ({y}) is 
&—open. Hence (X, 4) is a « — To space. 

Corollary 4.6. Let (X,«) be a k-space where y € ['(X) and « € 2. Then (X,x) is a 
& — To space if and only if for distinct points x and y of X, either x ¢ c,({y}) or y ¢ cx({az}). 

Let X be a nonempty set, y € I'(X) and «& € ©. (X,«) is said to be a « — Tp space if for 
distinct points xz and y in X, there exist disjoint k—open sets G and H such that x € G and 
y € H. Clearly, every « — Tz space is a & — T, space and the converse is not true. Theorem 4.7 
below gives characterizations of « — T> spaces. 

Theorem 4.7. In a K—space (X,«), where y € ['(X) and « € Q, the following statements 
are equivalent. 

(a) (X,«) is a & — T2 space. 

(b) For each « € X and y # a, there exists a k—open set U such that x € U and y ¢ c¢,(U). 

(c) For every « € X, {x} =M{e,.(U) | « € U and U is & — open}. 

Proof. (a)=(b). Let x, y © X such that y 4 x. Then, there exists disjoint k—open sets 
U and A such that « € U and y € H. Then X — H is a «—closed set such that U C X — H 
and so c,(U) C X — H. U is the required «—open set such that « € U and y ¢ c,(U). 
(b)=(c). Let « € X. If y € X such that x ¥ y, by (b), there exists a k—open set U such that 
x €U andy ¢c,(U). Clearly, {x} = M{c,(U) | « € U and U is k — open}. 

(c)=>(a). Let x, y € X such that y 4 x. Then y ¢ {x} =N{c,(U) | « € U and U is k—open}, 
by (c). Therefore, y ¢ c,(U) for some k—open set containing z U and X —c,(U) are the 
required disjoint «—open sets containing x and y respectively. 

Let X be a nonempty set, y € [(X) and « € 0. Then (X, x) is said to be a x — Ro space 
if every k—open subset of X contains the «—closure of its singletons. (X,«) is said to be a 
«& — R, space if for x,y € X with c,({x}) # c.({y}), there exist disjoint k—open sets G and H 
such that c,({x}) C G and c,({y}) C H. Clearly, every « — R, space is a k — Ro space but the 
converse is not true. The following Theorem 4.8 follows from Theorem 4.1. Theorem 4.9 below 
gives a characterization of & — Ro spaces. 

Theorem 4.8. Let X be a nonempty set, y € P(X) and « € 2. Then every « — T, space 
is a & — Ro space. 

Theorem 4.9. Let X be a nonempty set, y € ['(X) and « € . Then (X,«) isa K— Ro 
space if and only if every k—open subset of X is the union of «—closed sets. 

Proof. Suppose (X,«) isa «—Rpo space. If A is k—open, then for each « € A,c,x({a}) CA 
and so U{cl,,{z} | # € A} C A. It follows that A = U{cl,,{a} | « € A}. Conversely, suppose A is 
&—open and x € A. Then by hypothesis, A = U{B, | s € A} where each B, is k—closed. Now 
x € A, implies that x € B, for some us € A. Therefore, c,({x}) C B, C A and so (X,4) isa 
kK — Ro space. 

Theorem 4.10. Let X be a nonempty set, y € [(X) and « € Q. Then (X,4) isa k— Ro 
space if and only if for 2, y € X, cx({x}) 4 cx({y}) implies that ¢,({z}) Nex ({y}) = 0. 

Proof. Suppose (X,«) is a « — Ro space. Let x,y € X, such that c,({a}) 4 cx ({y}). 
Suppose z € c,,({x}) and z ¢ c,({y}). Since z ¢ c.({y}), there exists a k—open set G containing 
z such that y ¢ G. Since z € c,({x}), x € G. Since y ¢ G, it follows that x ¢ c,({y}) and so 
x € X—c,({y}). By hypothesis,c,({z}) C X—cx({y}) and so cx ({z}) Ne, ({y}) = 0. Conversely, 
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suppose the condition holds. Let G be a k—open set such that x € G. If y ¢ G, then x ¥ y and 
so x ¢ cx({y}) which implies that c,({x}) 4 cx({y}). By hypothesis, cx ({z}) Nex ({y}) = 0 and 
so y ¢ c,({x}). Hence c,({x}) C G which implies that (X,«) is a « — Ro space. 

Theorem 4.11. Let X be a nonempty set, y € [(X) and « € Q. Then (X,4) isa Kk— Ro 
space if and only if for 7, y € X, Ax({x}) 4 Ax ({y}) implies that A, ({z}) NAn({y}) = 0. 

Proof. Suppose (X,) is a « — Ro space. Let x, y € X such that A,({x}) 4 Ax({y}). 
Suppose that z € A, ({r}) NA«({y}). Then z € A,({x}) and z € A, ({y}). By Theorem 3.1(h), 
x €c,({z}) andy € cx ({z}) and soc, ({z})Nex({z}) 4 Mand c, ({y})Ncx({z}) 4 0. By Theorem 
4.10, cx({z}) = ex({z}) and c.({y}) = cx({z}) and so c,({x}) = cx({y}). By Theorem 
3.1(i),An({z}) = Ax({y}), a contradiction. Therefore, A,({z}) MN Ax({y}) = 0. Conversely, 
suppose the condition holds. Let «,y € X such that c,({x}) 4 cx({y}). Suppose that z € 
Cn({x}) N cx ({y}). Then z € c,({x}) and z € c,.({y}). By Theorem 3.1(h), « € Ax({z}) 
and y € Ax({z}) and so Ax({z}) ON Ax ({z}) 4 O and Ax ({y}) A An({z}) 4 @. By hypothesis, 
An({x}) = Ag({z}) and Ax({y}) = Ax({z}) and so Ax ({x}) = Ax({y}). By Theorem 3.1(i), 
cx({x}) = c,({y}), a contradiction. Therefore, c,({xz}) Nc. ({y}) = 0. By Theorem 4.10, (X, «) 
is a & — Ro space. 

Theorem 4.12. Let X be a nonempty set, y € [(X) and « € ©. Then the following are 
equal. 

(a) (X,«) is a & — Ro space. 

(b) For any nonempty set A and a k—open set G such that AN G # @, there exists a 
«—closed set F such that ANF £A@ and FCG. 

(c) If G is k—open, then G = U{F’'| F Cc G and F is «—closed}. 

(d) If F is k—closed, then F = N{G | F C G and G is Kk—open}. 

(e) For every « € X, cx ({x}) C An ({a}). 

Proof. (a)=(b). Suppose (X,#) is a & — Ro space. Let A be a nonempty set and G bea 
«&—open set such that ANG # Q. If x € ANG, then xz € G and so by hypothesis, c,({x}) C G. 
If F =c,({x}), then F is the required «—closed set such that ANF #0 and FCG. 
(b)=(c). Let G be k—open. Clearly, G > U{F | F Cc G and F is «—closed}. If « € G, then 
{x} G# 9 and so by (b), there is a k—closed set F such that {v7} N F 4 @ and F Cc G which 
implies that « € {F | F C G and F is x—closed}. Therefore, G C {F | F C G and F is 
«—closed}. This completes the proof. 

(c)=(d). Let F be «closed. By (c), X — F =U{K | K C X — F and K is x—closed} and so 
F=n{x —-K|FCX-—K and X — K is k—open}. 

(d)=(e). Let « € X. If y ¢ A,({x}), then by Theorem 3.1(g), {a} Nc.({y}) = 0. By (d), 
cx({y}) = {GE | c.({y}) C G and G is K—open}. Therefore, there is a k—open G such that 
Cx({y}) C G and x ¢ G which implies that y ¢ c,({x}). Therefore, c,({x}) C Ax ({z}). 
(e)=>(a). Let G be a «open set such that x € G. If y € c,({x}), then by (e), y € Ax ({r}). 
Since A,({z}) C Ax (G) = G, y € G. Hence (X,«) is a & — Ro space. 

Corollary 4.13. Let X be a nonempty set, y € '(X) and « € 2. Then the following are 
equivalent. 

(a) (X,4#) is a & — Ro space. 

(b) For every « € X, cx ({x}) = Ax ({r}). 
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Proof. (a)=(b). Let x € X. By Theorem 4.12, c,,({a}) C A,x({x}). To prove the direction, 
assume that y € A,({r}). By Theorem 3.1(h), x € c,({y}) and so c.({x}) C cx ({y}) which 
implies that c,({r}) Nc. ({y}) # 9. By Theorem 4.10, c,({2}) = c.({y}) and so y € ¢,({z}). 
Hence c,({x}) = An({z}). 

(b)=(a). The proof follows from Theorem 4.12. 

Theorem 4.14. Let X be a nonempty set, y € ['(X) and « € Q. Then the following are 
equivalent. 

(a) (X,«) is a & — Ro space. 

(b) For all a, y € X,a € cx ({y}) if and only if y € c,({z}). 

Proof. (a)=(b). Let x, y € X such that x € c,({y}). By Corollary 4.13, « € A,({y}) 
and so by Theorem 3.1(h), y € c,({x}). Thus x € c,({y}) implies that y € c,({x}). Similarly, 
we can prove that y € c,({x}) implies that x € c,({y}). 

(b)=(a). Conversely, suppose the condition holds. Let « € X. If y € cx({x}), then by hypothe- 
sis, x € c,({y}) and so by Theorem 3.1(h), y € A,,.({x}) which implies that c,({x}) C A,({x}). 
By Theorem 4.12(e), (X,«) is a K — Ro space. 

The following Theorem 4.15 gives a characterization of « — R; space and Theorem 4.16 
gives a characterization of « — T> space. 

Theorem 4.15. Let X be a nonempty set, y € ['(X) and « € Q. Then the following are 
equivalent. 

(a) (X,«) is a « — R, space. 

(b) For x, y € X such that A,({r}) 4 Ax({y}), there exist disjoint k—open sets G and H 
such that c,({}) C G and c,({y}) C H. 

Proof. (a)=>(b). Let x, y € X such that A,({r}) 4 Ax({y}). Then by Corollary 4.13, 
since (X,«) is a k — Ro space, cx({x}) A cx({y}) and so there exists disjoint k—open sets G 
and H such that c,({2}) C G and c,({y}) C H. 

(b)=(a). Let x, y € X such that c,({r}) 4 cx ({y}). By Theorem 3.1(i), Ax({r}) 4 An({y}). By 
hypothesis, there exist disjoint k—open sets G and H such that c,({x}) C G and c,({y}) C H 
and so (X,) isa «— R, space. 

Theorem 4.16. Let X be a nonempty set, 7 € [(X) and « € ©. Then the following are 
equivalent. 

(a)(X,) is a K — To space. 

(b)(X, «) is both a « — R,; space and a & — T; space. 

(c)(X, «) is both a « — R, space and a & — Ty space. 

Proof. (a)=(b). Suppose (X, #) is a « — Tz space. Clearly, (X,«) is a & — T; space and 
so singletons are k—closed sets, by Theorem 4.1. If z, y € X with c,({x}) 4 c,.({y}), then 
x #y and so there exist disjoint «—open sets G and H such that x € G and y € H. Therefore, 
cx({x}) C G and c,({y}) C H which implies that (X,«) is a « — R, space. 

(b)=(c). The proof is clear. 

(c)=(a). Let a, y © X such that « # y. Since (X,«) is a K — Tp space, by Theorem 4.5, 
Cu({x}) A cx ({y}). Since (X,«) is a & — Ry space, there exist disjoint «—open sets G and H 
such that c,({}) C G and c,({y}) C H. Therefore, (X,«) is a « — T2 space. 
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Abstract Quaternion operators have an important role as a screw and a rotation operator in 
Euclidean motion. We introduce a new operator similar to quaternion operator in Galilean 
motion. This operator is defined as a dual quaternion operator by using some information in 


[1]. Then, we have geneneralized this operator for n-dimensional Galilean space. 
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81. Introduction 


A unit real quaternion is a rotation operator on rigid body motion in Euclidean space. Unit 
dual quaternions are also used both as rotation and screw operators. Unit dual quaternions are 
seen as screw operator especially in Mechanics and Kinematics. Galilean geometry of motions 
was studied in [3]. n- dimensional dual complex numbers was given in [4]. These numbers are 
viewed as analysis. Galilean transformations are given as shear motion on plane [2]. Shear 
motion in Galiean space G3 was given [2]. Moreover, union of shear motion and Euclidean 
motions was introduced. Galilean transformation ( shear motion) was given by quaternions 
( in dual quaternion form) [1]. Here, we redefine dual quaternions in a new way for the first 
time. We work out Majernik’s work in a new point of view by using structures of Lie groups 
and algebras. These are subgroups of Heisenberg Lie groups. We obtain elements of groups by 
the exponential expansion of quaternion forms of an element of Lie algebra. And we extended 
the work to the Galilean space G,,. Finally, we give Galilean transformation as dual quaternion 


operators. 


§2. Galilean transformations in galilean space G2 


Galilean transformations were examined widely in [2]. Let X € R” and G,, be Galilean 
space (R”, ||||) with 
|x], 1 #0 


Wx=Q 
Jr+ae+..+22, 21 =0 
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for n = 2,3, 4. We redefine Galilean transformation by using quaternion operators. For any 
X = (x,y) € Ge, Galilean transformation (shear motion) is defined as the following: 


f:Gyg—> Go ,X > f(X) = (a, vr+y), 


f is a linear transformation, so f has the matrices form as the following 


Lemma 2.1. Let f be a linear transformation. Then f is a Galilean transformation, where 
f: Go Go, X — f(X) = (a, vr+y). 
Proof. For «#0 and x«=0, we have 
|X I] = Ie] = F(X) 
and 
XI] = lvl = FCI. 
f is a Galilean transformation, because the linear function f is a isometry. 


Theorem 2.1. Let Gal(2) be a Lie group. Then Gal(2) and g(2) are Lie algebras of 
Gal(2), where 


1 0 0 0 
Gal(2) = :VER> ,g(2) = :u,ER 
0 


v oi U1 


§3. Dual numbers and galilean transformation in G» 


Every vector X = (x,y) in R? can be written as X = x+ey with ec? = 0. So sp{1, ce} = R?. 
The form of x + ey is called dual quaternion form of X. 
Lemma 3.1. Dual quaternion Q = 1+ €v is a Galilean transformation in G9. 


Proof. Since Q = 1+ ev , we have 
QX =(1+ev)(a+ey) =2#+e(y+ v2) 


and 
|QX]| = [|X|]. 
So, @ is a Galilean transformation in Gz. By using exponential map from Lie algebra to Lie 
group, on g € g(2) asin g = ev, form: 
e: g(2) > Gal(2) 
groe=et=1+ ev}. 


Corollary 3.1. Q= e%9 = 1+ «v, is a dual quaternion operator. Thus dual quaternion 


operator Q is a Galilean transformation. 
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§4. Galilean transformation(shear motion) in galilean space 
G3 
In this section shear motion on Galilean spaces G3, Lie group structure of this motion and 
exponential form are given. 
Theorem 4.1. f is a Galilean transformation(shear motion), where 
ff: G3 - G3 


X — f(X) = (a, ax + y, bx + z) 


1 0 O x 
=|]a 10 y 
b 0 1 Zz 


Proof. For s £0 and x =0, we have 
F(XDI = lel = IX 


and 
F(X) = Vy? + 2? = |X. 
So, f is a Galilean transformation. 
Theorem 4.2. Gal(3) is a Lie group and the g(3) is a Lie algebra of Gal(3), where 


1 0 0 
Gal(3)=¢{A=|a 1 0] |abER?, 
bol 
0 0 
93)=Ja=] a 0 0 |la,uEeR 
by 
§5. Heisenberg lie group 
The set of matrices 
1 Ly X38 
H= 0 1 «22 :a, € Ri =1,2,3 
00 1 


is a Lie group with repect to the matrix multiplication. This Heisenberg group has many 
important applications on Sub-Riemannian geometry and has very important role in physics. 
Lemma 5.1. Gal(3) is a subgroup of Heisenberg Lie group. 
Proof. Gal(3) is obtained from Heissenberg Lie group by taking x2 = 0. 
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§6. Dual Quaternions and galilean transformation in G3 


Every vector X in R? can be written as X = x+iy+ jz, where 7? = j? = ij = ji = 0 
y YT) J 


and sp{1,i,j} = R°. The form X =x+iy+ jz is called as dual quaternion form of X € R?. 
Lemma 6.1. Q=1+ai+ 7 is a Galilean transformation in G3. 
Proof. Since Q = 1+ ai + bj, we have 


QX = (14+ai+6j)(x+ iy + jz) 
= «+ (ar+y)it (b+ z)9 


and 
OX || = |X|. 


Thus the Q is a Galilean transformation.Furthermore, we can write g € g(3) as g = ajit+b1)j. 


So we can write an exponential map as follows: 
e: g(3) — Gal(3) 


g— ef = eM? — 1 4 agit yj. 


Corollary 6.1. e9 = Q = 1+ a,i+ byj is a dual quaternion operator. Thus the dual 


quaternion operator @ is a Galilean transformation. 


§7. Galilean transformations in galilean space G4 


In this part shear motion is defined in Galilean spaces G4. Structure of Lie group of this 
motion and exponential form are given. 


Theorem 7.1. f is a Galilean transformation(shear motion), where 
f : G4 => G4 


X > f(X) = (a, an + y, bx + z,cx +1) 


1 0 0 0 x 
a 10 0 Yy 
7 b 0 1 0 z 
c 0 0 1 l 


Proof. For «#0 and x = 0, we have 
F(XDI = le] = IX 


and 
F(X) = Vy? + 22+ 02 = |X]. 


So, f is isometry and Galilean transformation. 
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Theorem 7.2. Gal(4) is a Lie group and g(4) is a Lie algebra of the Gal(4), where 


1 00 0 
a 1 0 0 
Gal(4) = 4 A= la,b,c ER, 
0 1 0 
c 0 0 1 
0 0 0 0 
a, 0 0 O 
g(4) = <4 a= ? la1,b,,a ER 
b} 0 0 O 
c, 0 0 0 


§8. Dual Quaternions and galilean transformations in G4 


In this part, we reviewed study in [1]. Every vector X in R® can be written as the form 
X=2x2+iy+jz+kl , where 


and 


pilageak. 


The form X =x +iy+ jz+kl is called as dual quaternion form of X € R?. 
Lemma 8.1. Q=1+ai+67+dk is a Galilean transformation in G4. 
Proof. Since Q = 1+ ai+bj+dk , we have 


QX = (lt+ai+bj+dk)(x+iy+jz+ kl) 
= «x+(art+y)it (b+ 2)j+(da+Dk 


and 


|QX|| = ||X1- 


Thus, Q is a Galilean transformation. Furthermore, we can write g € g(3) asg=ayitbyj+ 


d,k. So we can write an exponential map as follows: 
e: g(4) > Gal(4) 
goed= ettthiithk 744 qig4 bij + dk. 


Corollary 8.1. Q = e9 =1+a,i+ b1j + dk is a dual quaternion operator. Thus dual 


quaternion operator Q is a Galilean transformation. 
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§9. Galilean transformations in galilean space G,, 


In this part, Galilean transformation generalized to Galilean spaces G,, by using Galilean 
transformation in spaces G2,G3 and G4 . 


Theorem 9.1. f is a Galilean transformation, where 


f:Gn—- Gn 


X > f(X) = (a1, 0101 + £2, ..., Un—101 + Ln) 


Un-1 0 0 


oO 

ee 

8 
3 


Proof. For x; 4 0 and 2; = 0, we have 
Il f() || = laa] = |X| 


and 


|f(X)|| = Vx2? + 32 ++ + an? = |X]. 


Then, f is isometry, thus f is a Galilean transformation. 


Theorem 9.2. Gal(n) is a Lie group and g(n) is a Lie algebra of Gal(4), where 


1 000 0 0 
v4, 10 0 0 0 
vz. 0 1 0 0 0 


Gal(n) = |v1, ve, wey Un-1 © R ) 


0 
g(n) = |a1,@2,°°° ,Qr-1E R 
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§10. Dual Quaternions and galilean transformation in G,, 


In this part, every vector X in R” is written in form X = 21+ %911 + H3i2+---+Lpin-1, 
where £1, £2,:++ , 2p are real numbers. The components of X and 71,%2,--: ,%n—1 are units 
which satisfy the relations i? =i3 =---=i2_, =0 and i;i, = i,t; =0,1<k,j <n-1. 


Also, sp{1, t1,%2,-++ ,in-1} = RY, X = 21 4+ xoiy + agig + +++ + Lptn—1 is called as dual 
quaternion form of X € R”. 

Lemma 10.1. Dual quaternion operator Q = 1+ v1i1 + v2i2 +--+ +Un—1in—1 is a Galilean 
transformation. 

Proof. Since Q = 1+ vyi1, + vaig + +++ + Un—1in—1, we have 


QX = (Lt vyty + vote toss + Up_itn_1)(@1 + Sati + tale +--+ + Bpin—1) 
= ay + (via, + @2)i1 + (ver1 + 13)to + +++ (Un-121 + Ln)in-1 
and 
|QX || = |X|]. 


So, the dual quaternion operator Q is a Galilean transformation. For any element from Lie 
algebra , a € g(n), @ = ayt) + Ggig +--+ + Gn_-1tin-1 © g(n) by using exponential map, we have 
e:g(n) > Gal(n) 

aoet= etititazt2te+an—1tn-1 


=1 t ayt4 t agt9 ea An—1tn—1> 


Corollary 10.1. The transformation Q is a dual quaternion operator. So, dual quaternion 
operator Q is a Galilean transformation. 

Corollary 10.2. Let a,b € g(n), then Q(a) = e* € Gal(n) and Q(b) = e? € Gal(n). 

Furthermore Q(a)Q(b) = ee? = e*+® = Q(a +b). This implies the addition theorem for 
the velocity on a Galilean transformation. 
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Abstract This paper introduces the concept of fuzzy number valued Lebesgue outer measure. 
A non-negative countably subadditive function m* on the power set of a set X by means of 
a given additive function on an algebra of subsets of X, and a new collection of measurable 
sets F are constructed , where E satisfy the relation m*(A) = m*(AN E)+m*(AN(X\E£) ), 
for any subset A of X . 
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81. Introduction 


There are articles in the literature associated with fuzzy outer measure [3]. We construct 
fuzzy number valued outer measures and measurable sets that is similar to that of Carathrodory 
construction. In section 3 we deal with fuzzy number valued Lebesgue outer measure in the real 
line R and in section 4, the results obtained in section 3 are carried to arbitrary fuzzy number 
valued measure space (X,Q,m). 


In section 2 we give preliminary ideas relevant to fuzzy numbers. 


§2. Basic Definitions 


Definition 2.1. Let F = {n\n: R— [0,1]} . For every 2 € F, 7 is called a fuzzy number 
if it satisfies the following properties: 

a) 7? is normal i.e there exists an x € R such that n(x) = 1 

b) whenever A € [0,1] , the A—cut , ny = {x : m > A} is a closed interval denoted by 
[ny ,n}] We denote the set of all fuzzy numbers on R by F*. 


Remark 2.2. By decomposition theorem of fuzzy sets = (LJ Alny, nj]. 
AE [0,1] 


Remark 2.3. The fuzzy number [a, ] is defined by [a, b](x) = 1, iff x € [a, b] and [a, b](z) = 
0, iff x ¢ [a,b]. Similarly we can define (a, b). 


If a = b then [a,b] is simply denoted by a. i.e a is defined as a(x) = 1, iff « = a and 


a(x) = 0 iff e £ a. Obviously then [a, b],a € F*. 
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Further [a,b] = U Afla,b].anda= UU Afa,al. 
AE [0,1] AE [0,1] 
Remark 2.4. A fuzzy number 7 which is increasing in the interval (a,b), n([b,c]) = 1 
and is decreasing in the interval (b,c) is simply denoted by (a,b, c,d). Here 7i([b, c]) = 1 means 
n(x) = 1 for every x € [b,c]. 


The fuzzy number (a, b,c,c + €) where € > 0 is denoted by (a, [b, c]) and the fuzzy number 
(a — €,a,b,c) where € > 0 is denoted by ([a, }], c). 

Similarly the fuzzy number (a, b,b,b + €) where € > 0 is denoted by (a, b) and the fuzzy 
number (a — €,a,a,b) where € > 0 is denoted by (4, b). 

Definition 2.5. For every a,b € F* the sum @+6 is defined as é where cy =a, +by and 
cy =ay + by for every \ € (0,1). 

Definition 2.6. For every a, b © F* we writea < 6 if ay < by and as < by for every 
d € (0, 1]. 


§3. Fuzzy number valued Lebesgue outer measure 


Definition 3.1. Let 4: R — [0,1] be a fuzzy subset of the real line. The fuzzy number 
valued Lebesgue outer measure for the fuzzy subset yz: is defined as m*(u) = (0,K) where 


K =inf (sup u(z)) I(I,) and the infimum is taken over all countable collection (I,) of 
n=1 \@EIn 


open intervals covering R. 
Proposition 3.2. If tu < pe, then m*(w1) < m*(p2). 
Proof. m*(j1) = (0,1) where K; = inf S> ( sup pa(2)) l(In) < (0, Kz) where 


n=1 \reElIn 


oe nt (sup a(x) Un) = m*(u2) 


cEly 


Lemma 3.3. If 4; and pg are any two fuzzy sets and pw = py V pe, then 


m* (pu) < m*("1) + m* (pa). 


Proof. If m*(j41) = (0,00) or m*(p12) = (0,00) then the lemma is trivial. 


Suppose that m*(1u1) 4 (0,00) and m*(ju2) 4 (0,00). Let Ky = inf 3 (» ato) I(I,,) 


n=1 \cer,, 


and K» = inf > (sp rte) em) 


n=1 \wel> 
Choosing € > 0 we can find countable covers {I,, I5,:--} and {Ij , I5,---} of open intervals 


for R such that >> (op nto) \(I,) < Ki +6/4 and > (op ito) I(I,,) < Ko +€/4. 


n=1 \xer’, n=1 \wel? 


lo e) 
Set another sequence {J,,J5,--: } of pairwise disjoint open intervals such that R-— LU J, =T 
n=1 


(say) is countable and such that each J. is contained in some de. and LD Choose a sequence of 
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open intervals J;,J5,--: such that 57> I(J,) <¢/4andTC U J,. 
n=1 


n=1 
Setting {I1, Io,---} ={Jj, J}, Jo, Jy +} we can find {Ij, In,---} is a cover of R. 
Also 


< ky +¢/44+¢/4= ky 4+ €/2. 
Similarly we find }> { sup pal) I(In) < Ko + €/2. 


PKantS (sup u(c)) I(In), then 


n=1 \xE€In 


K <)> (sup (2)) 1) 


A ely 
<3 (sup sala) ttn) + 
n=1 a 


s 


x 


1+6/2+ Ko+€/2 


and hence K < K, + Ko. 
Therefore 


m*() = (0, K) < (0, Ky + Ka) = (0, Ki) + (0, Ka) = m* (1) + m* (12) 


Remark 3.4. By using the induction on n the result of above lemma can be extended as 
m*(u) < m*(p1) + m* (pg) ++++M*(Hn) Whenever p= fy V 2 V-++ V Un. 


Lemma 3.5. m*(j:) = (0, K) where K = inf > (sup 7) m(A,,) and the infimum is 
n=1 \rEAn 


taken over all sequences (A,,) of Lebesgue measurable subsets of R such that R= U An. 
1 


Proof. Let K = inf >> (sup u(c)) I(In) and K ' = inf > (sup ula) ) m(An) 
n=1 \zeln n=1 \@E€An 
We have to prove that K = K ‘ for which it is enough to show that kK < k 7 
Suppose that K ° < oo. Choosing € > 0, we can find a sequence {e,,} with €, > 0 for all n 


such that S> e, < €/4. Accordingly we can have a sequence of Lebesgue measurable subsets of 
n=1 


Rsuch that R= LU A, and such that 5° (sup To) m(An) < K'+6/4. 
n=1 


= n=1 \xEAn 
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lo) 
To each n, find a sequence of pairwise disjoint open intervals such that m ( ( U In .) \4n < 
k=1 


€, and such that U In, A An = My (say) is countable. 
k=1 


Finding a sequence {J,} of open intervals such that U Mn C U Jn and such that 
n=1 n=1 


Me 


U(In) < €/4. 


n=1 


Clearly {In,,Jn ik =1,2,---,n=1,2,---} is a cover for R and we have 


n=1Lk=1 ™k n=l 
SD (sup le) (mln) ten) + 1) 


<K' +S ente/4<K +e 


n=1 


as 0 < p(x) < l,m (( U Ine) \4n < €, and {In,},k = 1,2--- are pairwise disjoint for 
every n. bes 


Therefore K = K ’. and hence the result follows. 


Theorem 3.6. If E is a Lebesgue measurable subset of the real line and p is a fuzzy subset 
of R then m*(u) = m*(wn EE) + m*(un ES). 


Proof. 


m*(w) = m*(wO (BU E*)) = m*((un EB) U (wn E*)) 
<m* (uN E)+m* (un E*). 


Suppose that m*(j:) = (0, K),m*(uM E) = (0, Ky) and m*(u9 E°) = (0, Ko). 
If K = ov, the result is trivial. 


Suppose that kK #4 co. Choosing € > 0 we can find a sequence {A,} of pairwise disjoint 
measurable subsets of R such that LU) A, = R and 
1 


= 


3 (sup ula) ) m(An) < K +e. 


n=l] \®€An 
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Therefore by previous lemma, 


ky + Ke < S- ( sup uz) A xe(2) m(A,N E) + 


nal rEAnNE 
S- ( sup p(x) A xe(2)) m(An NE) + 
n=l reEAnNEse 
s ( sup p(x) A ve-(«)) m(An AF) + 
nal] \t€AnNE 
S- ( sup p(x) A ve-(2)) mA, E*) 
m= wEA,NES 
= S- ( sup u(z)) mAn AE) + 
yet rEAnNE 
S- ( sup 7) m(An N E*) 
n=l rEAnNE*e 
< S- (sup ula) mM An) <K+e 
n=1 Te 


Therefore 
m* (NE) +m*(wn E°) = (0, K1) + (0, Ke) = (0, Ki + K2) < (0, K) = m*(y). 


Hence the result. 

Remark 3.7. Using above theorem we can define Lebesgue measurable fuzzy subset as 
follows: 

A fuzzy subset » is Lebesgue measurable iff m*(i) = m*(~M A) + m*(uM AS) for some 
complement A° of A. 


§4. General Fuzzy number valued Lebesgue outer measure 


We shall assume X as a nonempty set, 2 denotes a o— algebra of subsets of X and m 
denotes a positive measure on 2. 


Definition 4.1. Let py: X — [0,1] be a fuzzy subset of X. The fuzzy number valued outer 


measure for the fuzzy subset pz is defined as m* (1) = (0, K) where K = inf > ( sup 7) m(An) 
n=1 \@EAn 
and the infimum is taken over all countable collection (A,) in 2 which cover X. 


The following result can be proved that is analogous to lemma 3.3. 

If p11, f12,°** {ln are fuzzy subsets of X and if w= py V 2 V-++V fn then m*(p) < m* (p11) + 
m* (U2) + +++ m* (Un). 

Let 2) = EC X: m*(A) = m*(AN E) + m*(AN E*) for every A C X. Then 9, is o— 
algebra, Q1 C Q. If m(A) = m*(A) for every A € Q; then m is a positive measure on 1. If 
m* is finite(o— finite) then m is finite(o— finite). We use m(A) instead of m*(A) whenever 
AEQ,. 
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Lemma 4.2. If ju is fuzzy set on X then m*(:) = (0, K), where 


K=inf > (sup ula) m(A,,) and the infimum is taken over all sequences (A,,) of sets in 


n=1 \wE A, 


Q, such that X = LU An. 
n=1 
Proof. The proof is similar to that of lemma 3.5 with the following modifications. 


co 
To each n, such that sup u(x) 4 0, choose a sequence such that A, C U An, , Any € 
tEAn k=1 
Q, An, are pairwise disjoint, and 


7 (( U Jn) \4s] ee 


Let B be the set obtained from X after removing all A,,. Then 
{An, 1 & = 1,2,---}U {B} is a cover for X which leads to the conclusion of the as in lemma 
3.5. 

Theorem 4.3. If E € Q; and p is a fuzzy subset of X , then 


m*(u) = m*(w0 B) + m*(w0 B*) 


Proof. Analogous to the proof in lemma 3.6 

Remark 4.4. Using above theorem if we wish to define measurable fuzzy subset of X 
as those A which satisfies m* (1) = m*(uwN A) + m*(4N AS) for some complement A° of A then 
A must be Q;— measurable. 
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Abstract In this paper we prove that the “intermediate point” € of Lagrange mean value 
theorem is a function, furthermore, we study its monotonicity, continuity and derivable prop- 
erty. For application, we give an example to show the incorrect for a proof method in course 


of calculus teaching. 
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81. Introduction 


Lagrange mean value theorem is one of most important theorems in calculus. It is an 
important tool to study the property of function. It sets up a “bridge” between function and 
derivable function. But Lagrange mean value theorem only affirms existence of “intermediate 
point” € , not states its other properties. Recently, some people have studied asymptotic 
qualities of € and obtained good results. In this paper, on the base of summarizing related 
results, we study the monotonicity, continuity and derivable property of € . 


§2. Several lemmas 


Lemma 1. (Lagrange mean value theorem) Assume that f(a) is continuous on the closed 
interval [a, b] and derivable on the open interval (a, 6). Then for Vx € (a, bj, there at least 
exists a point € € (a, x), such that 


So. (1) 


In reference[1-4], they obtain some important results, among them the most typical result 
is as follows. 

Lemma 2. Assume that f(x) is a first-order continuous and derivable function on interval 
[a, b], and f’(a) — f’(a) is a-order infinitesimal of « — a, where a > 0. Then € with (1) has 


asymptotic estimator 


1 
ao Soe 1 @ 
Mea atl] ° (2) 


1This work is supported by the Gansu Provincial Education Department Foundation 0608-04. 
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§3. Main results and their proofs 


Assume that f(x) satisfies the conditions of lmma 1 when z € [a, bj, then for Vx € (a, 0], 
when a is fixed, the “intermediate point” € changes with x and € has important properties as 
follows. 

Theorem. Assume that f(a) is continuous on the closed interval [a, b] and derivable on 
the open interval (a, 6), and f(x) is second-order continuous and derivable in interval (a, b), 
f'(x) is strictly monotone in interval(a, b) , f(x) is always positive or always negative in 
interval (a, b), then we have 

(i) The point € with (1) is a uniform function about 2, notes € = €(2); 


= € = €(x) is a continuous function about 2; 
(iv) € = €(2) is a derivable function about x and 
f(a) = FE) 
(x — a) f"(E(x)) 
Proof. (i) Because f’(x) is strictly monotone in interval (a, 6), we can easily prove that 
(i) holds. 
(ii) Assume that f’(x) is monotone increasing in interval (a, b), for Va1,x2 € (a, b) and 


(x) = (3) 


Z1 < £g, by given condition and lemma 1 we have 

f (a2) — f(a) = f'(E(w2))(@2 — a), f(w1) — fla) = f(E(@1)) (a1 — a). 
So f(x2)— f(x1) = [F'(E(@2)) — f'(E(@1))] (a1 — a) + f'(E(@2))(@2 — 21). Also by f(x2) — f(t1) = 
f'(n) (x2 — £1), hence 

[f’(n) — F(E(@2)) | (2 — 21) = [F"(E(v2)) — F(E(21))] (a1 — @), 
where 71 <7] < a, a < €(41) < 4, a < E(a2) < 2, a < Uy < X < b.Because f’(x) is 
monotone increasing, we have f’(7) > f’(€(a1)), and 


f'(n) — f'(E(#2))(@2-@) = f'()(w2 — 21) + f'(n)(@1 — a) — f’(E(x2)) (a2 — a) 
> f'(n)(e2 — 21) + f'(E(a1)) (a1 — a) — f'(E(x2)) (22 — a). 


So [f"(n) — f'(E(a2))|(w2 — a) > 0, 
f'(n) — f'(E(@2)) > 9, 
f'(E(a2)) — f’(E(a1)) > 0. 
By monotone increasing f(x), we have 
&(w2) > €(21). 
When /’(2) is monotone decreasing in interval (a, b), the proof is same to above proof. 


iii) By given conditions and Lemma 1, we have 
& 


#(e(a)) = AH). 

and 
| _ fle h) = fla) 
Figen) = Leth fo, 


sO 
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/ / _ @=al[f@+h)— f(@) -Alf@) — f@) 
f(Ela + h)) — f(E(a)) = Gna AG=a) 


By (ii), we know that € = €(a) is a monotone function about +. When h 4 0, also by Lemma 


1, we have 
F(Ela + h)) — F(E(a)) = FP (mlE(@ + h) — €(2)], 
where 7) lies between €(x + h) and (x), so 
; _ 7 @- Mfc +h) — f(@] — Alf (2) — fF) 
ae a ae faa f"(n)(a + h—a)(x — a) 
That is to say, € = €(x) is continuous in interval (a, b). 


= 0. 


(iv) By definition of derivative, we have 


_ eo re) - 0) 
Aas f"(m)(« +h — a)(« — a) 
_ (w= a)f'(2) - f@)+f@ 
F"(E(a))(@ — a)? 
_ f@)=f'(ea)) 
(x — a) f"(E(a)) 


Thus, the proof is complete. 

Finally, it deserves to mention that, in the course of teaching higher mathematics, some 
people consider the application of this theorem as an incorrect proof method. In fact, this 
thinking is not right. we give an example. 

Example. Assume that f(a) is quadratic differentiable on the closed interval [a, b] and 
f(x) > 0, we try to prove that the function 


is a monotone increasing function in the open interval (a, b). Proof By Lemmal, we have 
f(x) — f(a) = f'(E(z))(@- a), a< E(z) <a <b. 
So 


«ra 


By above theorem we know that € = €(x) is a monotone increasing and derivable function in 


the open interval (a, b), also by derivative rules of compound function, we have 
g(a) = f'(E(z))E'(2), 
but f’(z) > 0 and é'(x) > 0, so 
g(a) = f'(E(a))E'(a) > 0. 


Thus, the proof is complete. 
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Abstract By two relations belonging to (€) and quasi-coincidence (q) between fuzzy points 
and fuzzy sets, we define the concept of (a, 3)-fuzzy subalgebras where a, 3 are any two of 
{€,q,€ Va,€ Aq} with a 4E€ Aq. We state and prove some theorems in (a, 3)-fuzzy BG- 


algebras. 
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81. Introduction 


Y. Imai and K. Iseki [3] introduced two classes of abstract algebras: BC'K-algebras and 
BCI-algebras. It is known that the class of BC’K-algebras is a proper subclass of the class 
of BCI-algebras. In [7] J. Neggers and H. S. Kim introduced the notion of d-algebras, which 
is generalization of BC K-algebras and investigated relation between d-algebras and BC K- 
algebras. Also they introduced the notion of B-algebras [6]. In [4] C. B. Kim, H. S. Kim 
introduced the notion of BG-algebras which is a generalization of B-algebras. In 1980, P. M. 
Pu and Y. M. Liu [8], introduced the idea of quasi-coincidence of a fuzzy point with a fuzzy set, 
which is used to generate some different types of fuzzy subgroups, called (a, 3)-fuzzy subgroups, 
introduced by Bhakat and Das [2]. In particular, {€,€ Vq}-fuzzy subgroup is an important 
and useful generalization of Rosenfeld’s fuzzy subgroup. In this note we introduced the notion 
of (a, 3)-fuzzy BG-algebras. We state and prove some theorems discussed in (a, 3)-fuzzy BG- 
subalgebras and level subalgebras. 


§2. Preliminary 


Definition 2.1. [4] A BG-algebra is a non-empty set X with a consonant 0 and a binary 
operation * satisfying the following axioms: 

(I) axa =0, 

(II) «*0=a, 

(III) (a1 xy) * (O* y) =4@, for all z,ye X. 

For brevity we also call X a BG-algebra. In X we can define a binary relation < by x < y 
if and only if «xy = 0. 

Theorem 2.2. [4] In a BG-algebra X, we have the following properties: 
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Theorem 2.2. [4] In a BG-algebra X, we have the following properties: 

For all z,y€ X, 

(i) Ox (Ox 2) =a, 

(ii) if oxy =0, then x = y, 

(iii) if Ox =O * y, then x = y, 

(iv) (a * (Ox z)) ev =a. 

Theorem 2.3. [4] A non-empty subset I of a BG-algebra X is called a subalgebra of X 
ifaxy EJ for any z,y € I. 

A mapping f : X —> Y of BG-algebras is called a BG-homomorphism if f(a * y) = 
f(x) * f(y) for all ay € X. 

We now review some fuzzy logic concepts (see [2] and [10]). 

Let X be aset. A fuzzy set A on X is characterized by a membership function j14 : X —> 
(0, 1]. 

Let f : X — Y bea function and B a fuzzy set of Y with membership function zg. The 
inverse image of B, denoted by f~!(B), is the fuzzy set of X with membership function ps f-1(B) 
defined by wp-1(8)(@) = wa(f(x)) for all x € X. 

Conversely, let A be a fuzzy set of X with membership function 4. Then the image of A, 
denoted by f(A), is the fuzzy set of Y such that 


sup pa(x) if f(y) #0, 
Hyay(y) = 4 2) 
0 otherwise. 


A fuzzy set yw of a set X of the form 


t ify=a, 
u(y) = 
0 otherwise. 
where t € (0, 1] is called a fuzzy point with support x and value t and is denoted by 2;. 
Consider a fuzzy point ,, a fuzzy set on a set X and a € {€,g,€ Vg, € Ag}, we define 
x,ay as follow: 
(i) a € pw (resp. xq) means that p(x) > t (resp. (x) +t > 1) and in this case we said 
that x, belong to (resp. quasi-coincident with) fuzzy set pu. 
(ii) a, © Vaqu (resp. 2, € Aq) means that x; € ps or xq (resp. xe € pe and x:qp). 
Definition 2.4. [1] Let uu be a fuzzy set of a BG-algebra X. Then p is called a fuzzy 
BG-algebra (subalgebra) of X if 


u(x *y) > min{pu(x), u(y)} 


for all x,y € X. 
Example 2.5. {1] Let X = {0,1,2,3} be a set with the following table: 
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* 0 1 2 83 
0 0 1 2 3 
1 1 oO 1 1 
2 2 2 0 2 
3 3. 3 3 0 


Then (X,*,0) is a BG-algebra. Define a fuzzy set pp: X — [0,1] on X, by (0) = w(1) = to 
and (2) = (3) = t, for to, t; € [0,1] and tp > t). Then yp is a fuzzy BG-algebra of X. 
Definition 2.6. [2] Let 4 be a fuzzy set of X. Then the upper level set U(ju; A) of X is 
defined as following : 
U(u; A) = {x € X | w(x) > A}. 
Definition 2.7. Let f : X — Y be a function. A fuzzy set ys of X is said to be 
f-invariant, if f(x) = f(y) implies that p(x) = p(y), for all x,y € X. 


§3. (a, 3)-fuzzy BG-algebras 


From now on X is a BG-algebra and a, 3 € {€,q,€ Vg, € Ag} unless otherwise specified. 
By x:@ we mean that x;ay does not hold. 
Theorem 3.1. Let yu be a fuzzy set of X. Then p is a fuzzy BG-algebra if and only if 


Lt sYtg CU > (x * Ut ietnilbestes EH, (1) 


for all x,y € X and ty, te € (0, 1]. 
Proof. Assume that pu is a fuzzy BG-algebra. Let x,y € X and x1,,y%, € pM, for ti, te € 
[0,1] . Then p(x) > ty and p(y) > te, by hypothesis we can conclude that 


w(x * y) = min(u(x), u(y)) = min(tr, t2). 


Hence (a * Y)min(ty,t2) © 

Conversely, Since 2,2) € wand yyy) € p for all x,y € X, then (x * ¥)min(u(z),n(y)) © L- 
Therefore p(a * y) > min(u(2), (y)). 

Note that if is a fuzzy set of X defined by u(x) < 0.5 for all « € X, then the set 
{xz | 1 € Aqu} is empty. 

Definition 3.2. A fuzzy set yz of X is said to be an (a, 3)-fuzzy subalgebra of X, where 
a #€ Aq, if it satisfies the following condition: 


Lt, pl, Yty ps > (& * Y) min(ty,t2) BL 


for all t, t2 € (0, 1]. 
Proposition 3.3. jy is an (€,€)-fuzzy subalgebra of X if and only if for all ¢ € [0,1], the 


nonempty level set U(y;t) is a subalgebra of X. 


Proof. The proof follows from Theorem 3.1. 
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Example 3.4. Let X = {0,1,2,3} be a set with the following table: 


* 


3 
3 
2 
1 


w ner Clo 
wNww Oru 
FEF Ow wip 


0 
1 
2 
3 0 


Then (X,*,0) isa BG-algebra. Let py be a fuzzy set in X defined (0) = 0.6, (1) = 0.7 and 
p(2) = u(3) = 0.3. Then p is an (€, € Vq)-fuzzy subalgebra of X. But 
(1) w is not an (€,€)-fuzzy subalgebra of X since log2 € mw and loos € pw, but (1 * 


1) min(0.62,0.66) = 00.62€- 
(2) wis not a (q, € Vq)-fuzzy subalgebra of X since 1o.41qu and 29.77qp, but (1*2) min(o.41,0.77) = 


30.41€ Vqu. 
(3) wis not an (€ Vq, € Vq)-fuzzy subalgebra of X since lo.5 € Vqw and 30.3 € Vqp, but 


(1 * 3)min(0.5,0.8) = 20.5€ Vp. 
Theorem 3.5. Let ys be a fuzzy set. Then the following diagram shows the relationship 


between (a, 3)-fuzzy subalgebras of X, where a, @ are one of € and q. 


(a,aV B) 


Sw 
fo 


and also we have 
€ Vq, €) 


~ 
(€ Vq, € Aq) 


Proof. The proof is easy. 


Proposition 3.6. If yz is a nonzero (a, 3)-fuzzy subalgebra of X, then (0) > 0. 


Proof. Assume that (0) = 0. Since yz is non-zero, then there exists « € X such that 
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(xz) = t > 0. Thus zap for a =€ or a =€ Va, but (x * 2) miniet) = 0,Gp. This is a 
contradiction. Also 71a where a = q, since p(z) +1=t+1> 1. But (@* @)min(i) = 016p, 
which is a contradiction. Hence ju(0) > 0. 

For a fuzzy set 4 in X, we denote the support p by, Xo := {x € X | (x) > O}. 

Proposition 3.7. If 4: is a nonzero (€, € Vq)-fuzzy subalgebra of X, then the set Xo is a 
subalgebra of X. 

Proof. Let x,y € Xo. Then p(x) > 0 and p(y) > 0. Suppose that u(a « y) = 0, then 
Ly(x) € Wand yyy) € HW, but w(z*y) = 0 < min(u(x), u(y)) and p(x *y) + min(u(x), u(y) <1, 
i.e (& * Y)min(n(x),u(y))© VGH, Which is a contradiction . Hence x * y € Xo. Therefore Xo is a 
subalgebra of X. 

Proposition 3.8. If « is a nonzero (gq, € Vq)-fuzzy subalgebra of X, then the set Xo isa 
subalgebra of X. 

Proof. Let x,y € Xo. Then p(x) > 0 and p(y) > 0. Thus p(x) +1>1 and p(y) +1>1 
imply that x,qy and yiqu. If w(a*y) = 0, then u(xxy) < 1 = min(1,1) and p(x*y)+min(1,1) < 
1. Thus (@ * y)min(i,1)€ V9H, which is a contradiction. It follows that p(x * y) > 0 and so 
r*xy € Xo. 

Theorem 3.9. Let jz be a nonempty (a, 3)-fuzzy subalgebra, where a, 3 € {€,q,€ Va, € 
Aq} and a 4€ Aq. Then Xo is a subalgebra of X. 

Proof. The proof follows from Theorem 3.5 and Propositions 3.7 and 3.8. 

Theorem 3.10. Any non-zero (q, q)-fuzzy subalgebra of X is constant on Xo. 

Proof. Let jz be a non-zero (q, ¢)-fuzzy subalgebra of X. On the contrary, assume that 


is not constant on Xo. Then there exists y € Xo such that ty = p(y) A w(0) = to. Suppose 
that ty < to) and so 1l—t) <1—t, <1. Thus there exists t),t2 € (0,1) such that 1— tp < ti < 
1l—ty <t2 <1. Then p(0) +t) =to +t; > 1 and p(y) + te =ty+t2 > 1. So 0;, qu and y, gu. 


Since 


u(y * 0) + min(t1,t2) = wy) +t =ty+t <1, 


we get that (y * 0)min(t,,t2)9, Which is a contradiction. Now let ty > to and to # 1. Then 
u(y) + (1 —to) =ty +1—to > 1, ie yi_-z,qp. Since 


uly *y) + (1 — to) = w(0) +1 — to = to +1 —to = 1, 
then we get that (y * Y)min(1—to,1-to)QH, Which is a contradiction. Therefore pz is constant on 
Ras 


Theorem 3.11. ju is a non-zero (q, q)-fuzzy subalgebra if and only if there exists subal- 
gebra S of X such that 


t if tes 
w(x) = 
0 otherwise 


for some t € (0, 1]. 


Proof. Let ps be a non-zero (q, q)-fuzzy subalgebra. Then by Proposition 3.6 and Theorems 
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3.9 and 3.10 we have yu(0) > 0, Xo is a subalgebra of X and 


(0) if x € Xo 
w(x) = 
0 otherwise 
Conversely, let x4,qu and yz,q, for t1,t2 € (0,1). Then u(a#) + t) > 1 and p(y) + t2 > 1 imply 
that u(a) # 0 and u(y) 4 0. Thus z,y € S and sox*y € S. Hence p(x * y) + min(t,, to) = 
t+ min(t,t2) > 1. Therefore py is a (q, ¢q)-fuzzy subalgebra of X. 
Theorem 3.12. ju is a non-zero (q, g)-fuzzy subalgebra of X if and only if U(j; 4(0)) = Xo 
and for all t € [0,1], the nonempty level set U(u; t) is a fuzzy subalgebra of X. 
Proof. Let jz be a non-zero (q, q)-fuzzy subalgebra. Then by Theorem 3.11 we have 


(0) if ce Xo 
w(x) = 

0 otherwise 
So it is easy to check that U(; w(0)) = Xo. Let x,y € U(y;t), for t € [0,1]. Then p(x) > t and 
p(y) >t. If t = 0, then it is clear that x * y € U(y;0). Now let t € (0,1). Then x,y € Xo and 
so a*y € Xo. Hence p(x * y) = u(0) > t. Therefore U(y;t) is a subalgebra of X. 
Conversely, since U(u; u(0)) = Xo and 0 € U(p; u(0)), then Xo is a subalgebra of X. Also 
U(y; u(0)) = Xp and X # @ imply that p is non-zero. Now let x € Xo. Then p(x) > p(0) and 
p(x) > 0. Since U(y; u(x)) 4 9, so U (ps; (x)) is a subalgebra of X. Then 0 € U(; (x)) imply 
that (0) > u(x). Hence p(x) = py (0), for all x € Xo ie 


p(x) = ; 
0 otherwise 


Therefore by Theorem 3.11 p is a (q, q)-fuzzy subalgebra of X. 
Example 3.13. Let X = {0,1,2,3} be BG-algebra in Example 3.3. Define fuzzy set js on 
X by 
(0) = 0.6, p(1) = (2) = (3) = 0.3. 
Then Xo = X, U(u; (0)) = {0} 4 Xo and also 


X if 0<t<03 
U(ust)=4 {0} if 03 <t<06 
0 if t > 0.6 


is a subalgebra of X, while by Theorem 3.11, yu is not a (q, q)-fuzzy subalgebra. 

Theorem 3.14. Every (q, q)-fuzzy subalgebra is an (€, €)-fuzzy subalgebra. 

Proof. The proof follows from Theorem 3.12 and Proposition 3.3. 

Note that in Example 3.13 yw is an (€, €)-fuzzy subalgebra, while it is not a (q, q)-fuzzy 
subalgebra. So the converse of the above theorem is not true in general. 

Theorem 3.15. If 4 is a non-zero fuzzy set of X. Then there exists subalgebra S of X 
such that = xg if and only if yw is an (a, 3)-fuzzy subalgebra of X, where (a, 3) is one of the 


following forms: 
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(i) (€,49), (ii) (€, € Aq), 
(iii) (@, €), (iv) (¢,€ Aq), 
(v) (€ Va, 4); (vi) (€ Va, € Aq), 
(vii) (€ Vq, €). 


Proof. Let 4 = ys. We show that yu is (€,€ Agq)-fuzzy subalgebra. Let a2, € w and 
Lt € p, for ty,t2 € (0,1). Then p(x) > t, and p(y) > te imply that x,y € S. Thus 
xy € S,ie ula xy) = 1. Therefore u(a* y) > min(ti,t2) and p(x * y) + min(ti,t2) > 1, 
ie (@ * Y)min(ty,t2) © Agu. Similar to above argument, we can see that y is an (a, 3)-fuzzy 
subalgebra of X, where (a, 3) is one of the above forms. 
Conversely, we show that w = yx,. Suppose that there exists x € Xo such that p(x) < 1. Let 
a =€, choose t € (0,1) such that t < min(1 — p(x), u(x), u(0)). Then z,ap and Oa: , but 
(x * O)min(t,t) = tS, where @ = q or B =€ Aq. Which is a contradiction. If a = g, then 
x ap and 0,ap, while (@ *0)min(1,1) = x1p where 3 =€ or G =€ Aq, which is a contradiction. 
Now let a =€ Vq and choose t € (0,1] such that 2; € ww but «Gu. Then zap and 0,ap but 
(x *0)min(t,1) = 2,0p for 3 = q or 8 =€ Aq, which is a contradiction. Finally we have x1 € Vqu 
and 0; € Vqu but (x * 0)min(1,1) = 71€", which is a contradiction. Therefore p = yx,.- 

Theorem 3.16. Let S be a subalgebra of X and let ys be a fuzzy set of X such that 

(a) u(x) = 0 for all x € X\S, 

(b) w(x) > 0.5 for all a € S. 

Then yp is a (gq, € Vq)-fuzzy subalgebra of X. 


Proof. Let x,y € X and t1,t2 € (0,1] be such that 2;,qu and y,,qu. Then we get that 
p(x) +t, > 1 and p(y) + te > 1. We can conclude that x * y € S, since in otherwise x € X\S 
or y € X\S and therefore t; > 1 or tg > 1 which is a contradiction. If min(t1,t2) > 0.5, then 
p(xxy)+min(ty,t2) > 1 and so (@*y)min(¢,,t2)H- If min(t1,t2) < 0.5, then pu(x*y) > min(t,, tz) 
and thus (x * ¥)min(t:,t2) © #- Hence (x * ¥)min(t1,t2) © V9H- 

Theorem 3.17. Let s be a (gq, € Vq)-fuzzy subalgebra of X such that p is not constant 
on the set Xo. Then there exists « € X such that u(x) > 0.5. Moreover, u(x) > 0.5 for all 
xe Xo. 

Proof. Assume that u(x) < 0.5 for all « € X. Since p is not constant on Xo, then 
there exists « € Xq such that t, = p(x) ~ u(0) = to. Let ty < ty. Choose 6 > 0.5 such 
that tp +0 <1<t,+4+ 6. It follows that rsqu, u(x * x) = (0) = to < 6 = min(d,d) and 
p(x * x) +min(d,d) = (0) +6 = to +d <1. Thus (@* 2) min(s,5)© Va, which is a contradiction. 
Now, if t; < to then we can choose 6 > 0.5 such that t; +6 <1 < to +6. Thus Osqu and 
x1qu, but (x * 0) min(i,6) = Ts Vou, because u(x) < 0.5 < 6 and p(x) +6 =t, +6 < 1, which 
is a contradiction. Hence p(x) > 0.5 for some « € X. Now we show that (0) > 0.5. On the 
contrary, assume that (0) = to < 0.5. Since there exists « € X such that p(x) = tz > 0.5, it 
follows that to < tz. Choose t; > to such that to+t, <1<t,+t). Then u(x)+t) = te+t, > 1, 


and so x,qu. Thus we can conclude that 


pa * x) + min(ty, t1) = (0) +t, =to+ti < 1, 
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and 


p(x * 2) = (0) = to < ty = min(ti, t)). 


Therefore (% * ©) min(t;,t,)© V@H, Which is a contradiction. Thus (0) > 0.5. Finally we prove 
that (2) > 0.5 for all a € Xo. On the contrary, let  € Xo and t, = p(x) < 0.5. Consider 
0<t<0.5 such that t; +¢< 0.5. Then p(x) +1=t; +1> 1 and p(0)+ (0.54 t) > 1, imply 
that x1qp and 0o.54:qu. But (x * 0)min(1,0.54+¢) = o.5+t€ Vay, since p(x *0) = u(r) <0.5+¢ 
and p(x) +0.5+¢ = t,+0.5+¢ < 0.5+0.5 = 1. Which is a contradiction. Therefore u(x) > 0.5 
for all x € Xo. 

Theorem 3.18. Let jz be a non-zero fuzzy set of X. Then p is a (q, € Vq)-fuzzy subalgebra 
of X if and only if there exists subalgebra S of X such that 


a if res > 0.5 if res 
u(x) = or p(x) = 
0 otherwise 0 otherwise 
for some a € (0, 1]. 
Proof. Let p be a (q, € Vq)-fuzzy subalgebra of X. If yz is constant on Xo, then p(x) = 


p(0) if « € Xo ; 
. If wis not constant on Xo, then by Theorem 3.17 we have p(x) = 
0 otherwise 


> 0.5 if x € Xo 
. Conversely, the proof follows from Theorems 3.11, 3.5 and 3.16. 


0 otherwise 
Theorem 3.19. Let js be a non-zero (q, € Vq)-fuzzy subalgebra of X. Then the nonempty 
level set U(1; t) is a subalgebra of X, for all t € [0,0.5). 
Proof. If ~ is constant on Xo, then by Theorem 3.11, yz is a (q, q)-fuzzy subalgebra. Thus 
by Theorem 3.12 we have the nonempty level set U(;t) is a subalgebra of X, for t € [0,1]. 


>0.5 if eX 
If yw is not constant on Xo, then by Theorem 3.17, we have p(x) = . 
0 otherwise 


Now we show that the nonempty level set U(y;t) is a subalgebra of X for t € [0,0.5]. If t = 0, 
then it is clear that U(y;t) is a subalgebra of X. Now let ¢ € (0,0.5] and x,y € U(y;t). Then 
u(x), u(y) >t > 0 imply that z,y © Xo. Thus « * y € Xp and so p(x * y) > 0.5 >t. Therefore 
cxy €U(p;t). 

Theorem 3.20. Let ~ be a non-zero fuzzy set of X, U(u;0.5) = Xo and the nonempty 
level set U(u;t) is a subalgebra of X, for all ¢ € [0,1]. Then wp is a (q,€ Vq)-fuzzy subalgebra 
of X. 

Proof. Since p 4 0 we get that Xo 4 0. Thus by hypothesis we have U(w;0.5) 4 0 and 
so Xo is a subalgebra of X. Also u(x) > 0.5, for all a € Xo and p(x) = 0, if « ¢ Xo. Therefore 
by Theorem 3.16, py is a (g,€ Vq)-fuzzy subalgebra of X. 

Theorem 3.21. A fuzzy set yw of X is an (€, € Vq)-fuzzy subalgebra of X if and only if 
p(x xy) > min(p(x), u(y), 0.5), for all x,y € X. 

Proof. Let yu be an (€,€ Vq)-fuzzy subalgebra of X and x,y € X. If u(x) or p(y) = 0, 
then p(x *y) > min(p(x), u(y),0.5). Now let (x) and u(y) 4 0. If min(u(x), w(y)) < 0.5, then 
p(x xy) > min(u(x), u(y)). Since, assume that p(x * y) < min(p(x), u(y)), then there exists 
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t > 0 such that p(x *y) <t < min(u(x), w(y)). Thus 2 € pw and y% € pw but (x * y)min(tt) = 
(xx y)r€ Vau, since u(a*xy) <tand p(a*y)+t <1 < 2t <1, which is a contradiction. Hence if 


min(y(2), w(y)) < 0.5, then p(x xy) > min(u(c), w(y)). If min(4(2), u(y) > 0.5, then 2,5 € 4 
and yo.5 € pt. So we can get that 


(x * Y)min(0.5,0.5) = (@ * y)o.5 € Vay. 


Then p(x * y) > 0.5. Consequently, u(x * y) > min((x), u(y), 0.5), for all z,y € X. 

Conversely, let x,y € X and t1,t2 € (0,1] be such that 7, € wand y%, € p. So u(x) > ty 
and p(y) > t2. Then by hypothesis we have p(x * y) > min(u(x), u(y),0.5) > min(tz, te, 0.5). 
If min(t1, t2) < 0.5, then p(a * y) > min(u(x), u(y)). If min(ty,t2) > 0.5, then p(x * y) > 0.5. 
Thus p(x * y) + min(t,,t2) > 1. Therefore (a * y)min(t,,t2) © VaH- 

Theorem 3.22. Let ys be an (€,€ Vq)-fuzzy subalgebra of X. 

(i) If there exists x € X such that p(x) > 0.5, then y(0) > 0.5; 

(ii) If w(0) < 0.5, then pz is an (€, €)-fuzzy subalgebra of X. 

Proof. (i) Let u(x) > 0.5. Then by hypothesis we have y(0) = u(axx) > min(u(x), u(x), 0.5) = 
0.5. 

(ii) Let u(0) < 0.5. Then by (i) u(x) < 0.5, for all  € X. Now let a, € w and y%, € p, 
for t1,t2 € (0,1). Then u(x) > ty and p(y) > to. Thus p(x * y) > min(p(x), w(y),0.5) > 
min(t;, t2,0.5) = min(t,,t2). Therefore (x * ¥)min(¢y,t2) © M 

Lemma 3.23. Let jz be a non-zero (€,€ Vq) fuzzy subalgebra of X. Let x,y € X such 
that p(x) < u(y). Then 


_ J we) if wy) <0.5 or p(x) < 0.5 < wy) 
w(x * y) = 
> 0.5 if p(x) > 0.5 


Proof. Let p(y) < 0.5. Then we have p(x * y) > min(p(x), u(y), 0.5) = p(x). Also 

p(x) = w((x * y) * (O* y)) 2 min{p(a * y), w(0 * y), 0.5} (1) 
Now we show that (Oxy) > u(y). Since u(y) < 0.5, then (0) = u(yxy) > min{u(y), u(y), 0.5} = 
p(y). Thus p(0* y) > min{pu(0), u(y),0.5} = u(y). Hence (1) and hypothesis imply that 
p(x) > min{p(x*y), w(y)}. Since u(x) < p(y), then u(x) > u(x*y). Therefore u(x*y) = p(z). 
Now let p(x) < 0.5 < p(y). Then similar to above argument p(x * y) > p(x) and p(x) > 
min{p(x * y), w(0 * y),0.5}. Since u(y) > 0.5, then by Theorem 3.22(i), (0) > 0.5. Thus 
(Oxy) > min{p(0), p(y), 0.5} = 0.5. So by hypothesis we get that u(x) > min{p(x * y), 0.5}. 
Thus p(x) < 0.5 imply that u(x) > u(x * y). Therefore p(x * y) = u(x). Let u(x) > 0.5. Then 
u(x * y) 2 min(p(x), u(y), 0.5) = 0.5. 

Theorem 3.24. Let ys be an (€,€ Vq)-fuzzy subalgebra of X. Then for all t € [0,0.5], 
the nonempty level set U(ju;t) is a subalgebra of X. Conversely, if the nonempty level set ju is 
a subalgebra of X, for all t € [0,1], then pw is an (€, € Vq)-fuzzy subalgebra of X. 

Proof. Let ys be an (€, € Vq)-fuzzy subalgebra of X. If t = 0, then U(u; t) is a subalgebra 
of X. Now let U(u;t) 4 0,0 <t < 0.5 and z,y € U(y;t). Then p(x), u(y) > t. Thus by 
hypothesis we have p(x * y) > min(pu(x), w(y),0.5) > min(t,0.5) > t. Therefore U(;t) is a 
subalgebra of X. 
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Conversely, let x,y € X. Then we have 


(x), W(y) 2 min(u(x), u(y), 0.5) = to. 


Hence x,y € U(p;to), for to € [0,1] and so x* y € U(p;to). Therefore u(x * y) > to = 
min((x), u(y), 0.5), ie w is an (€, € Vq)-fuzzy subalgebra of X. 

Theorem 3.25. Let S be a subset of X. The characteristic function yg of S is an 
(€, € Vq)-fuzzy subalgebra of X if and only if S is a subalgebra of X. 

Proof. Let Xg be an (€, € Vq)-fuzzy subalgebra of X and x,y € S. Then ys(x) = 1 = 
xs(y), and so x1 € yg and y, € xs. Hence (x*y)1 = (@* y)min(1,1) © VYXs, Which implies that 
xs(a*y) >0. Thus «xy € S. Therefore S is a subalgebra of X. 

Conversely, if S is a subalgebra of X, then yg is an (€, €)-fuzzy subalgebra of X. So by 
Theorem 3.5 we get that pis an (€, € Vq)-fuzzy subalgebra of X. 

Lemma 3.26. Let f : X — Y be a BG-homomorphism and G be a fuzzy set of Y with 
membership function ug. Then 2,apf-1(g) & f(x)rapa, for all a € {€,¢,€ Va, € Ag}. 

Proof. Let a =¢€. Then 


TyQps—-1(G) > Mg-1(@)(Z) 2 tS uc (f(a)) 26> (f(2))tana. 


The proof of the other cases is similar to above argument. 

Theorem 3.27. Let f : X — Y be a BG-homomorphism and G be a fuzzy set of Y with 
membership function pc. 

(i) If G is an (a, 3)-fuzzy subalgebra of Y, then f~!(G) is an (a, 3)-fuzzy subalgebra of X, 

(ii) Let f be epimorphism. If f~'(G) is an (a, 3)-fuzzy subalgebra of X, then G is an 
(a, 3)-fuzzy subalgebra of Y. 

Proof. (i) Let x:app-1(g) and yrapy-1(gy, for t,r € (0,1). Then by Lemma 3.26, we 
get that (f(a))xaue and (f(y))rae. Hence by hypothesis (f(x) * f(y))min(t,r) GHG. Then 
(f(x * Y))min(t,r) BUG and so (x * Y) min(t,r) BU F-1(Q@)- 

(ii) Let x,y € Y. Then by hypothesis there exist 2 ,y’ € X such that f(x’) = x and f(y’) = 
y. Assume that x,apg and y,apig, then (f(x ))¢apig and (f(y'))rag. Thus L,Qbf-1(G) and 
Y, Cl ¢-1(@) and therefore (a * y )min(t,r) BH F-1(Q): So 


(f(a ao y ))min(t,r) LG > (f(x’) = f(y) min(t,r) BUG =z (x * Y) min(t,r) BUG: 


Theorem 3.28. Let f : X — Y be a BG-homomorphism and H be an (€,€ Vq)-fuzzy 
subalgebra of X with membership function wy. If wy is an f-invariant, then f(H) is an 
(€, € Vq)-fuzzy subalgebra of Y. 
Proof. Let y; and yo € Y. If f~'(y1) or f~*(y2) = 0, then ppc) (yr *ye) > min(M pray (Y1), Mpc) (Y2), 0-5). 
Now let f~+(y1) and f~'(y2) #4 @. Then there exist 71, rg € X such that f(r) = y, and 
f(x2) = ya. Thus by hypothesis we have 


Mpj(yi*¥2)= sup y(t) 
tef—*(y1*y2) 


= sup H(t) 
tef—l(f(e1*x2)) 


Vol. 5 Some properties of (a, 3)-fuzzy BG-algebras 121 


= py (1 * £2) since py is an f-invariant 
>min(Wa(@1), WA(x2), 0.5) 


=min( sup par(t), sup py(t),0.5) 
tef—*(y1) te f—*(y2) 


= min(pcHy(y1), Mca) (y2), 0-5). 


So by Theorem 3.21, f(H) is an (€, € Vq)-fuzzy subalgebra of Y. 

Lemma 3.29. Let f : X — Y be a BG-homomorphism. 

(i) If S is a subalgebra of X, then f(S) is a subalgebra of Y; 

(ii) If S’ is a subalgebra of Y, then f~1(S") is a subalgebra of X. 

Proof. The proof is easy. 

Theorem 3.30. Let f : X — Y be a BG-homomorphism . If H is a non-zero (q, q)-fuzzy 
subalgebra of X with membership function wx, then f(#) is a non-zero (q, g)-fuzzy subalgebra 
of Y. 

Proof. Let H be a non-zero (q, q)-fuzzy subalgebra of X. Then by Theorem 3.10, we have 


0 if rex 0 if yo f(x 

by (x) = Ha (0) ° _ Now we show that Lea) (y) = Hn (0) y € f(Xo) . 
0 otherwise 0 otherwise 

Let y ¢ Y. If y € f(Xo), then there exist « € Xo such that f(x) = y. Thus pycxy(y) = 


sup py(t) = wH(0). If y ¢ f(Xo), then it is clear that py(~)(y) = 0. Since Xo is subal- 
tef-*(y) 
gebra of X, then f(Xo) is a subalgebra of Y. Therefore by Theorem 3.11, f(H) is a non-zero 


(q, q)-fuzzy subalgebra of Y. 

Theorem 3.31. Let f : X — Y be a BG-homomorphism . If H is an (a, 3)-fuzzy subal- 
gebra of X with membership function py, then f(#) is an (a, 3)-fuzzy subalgebra of Y, where 
(a, 3) is one of the following form 


(i) (€,4), (ii) (€, € Aq), 
(iii) (, €), (iv) (q,€ Aq), 
(v) (€ Va, 4), (vi) (€ Va, € Aq), 
(vii) (€ Vq, €), (viii) (¢, € Vq). 


Proof. The proof is similar to the proof of Theorem 3.30, by using of Theorems 3.15 and 
3.18. 

Theorem 3.32. Let f : X — Y be a BG-homomorphism and 4H be an (€, €)-fuzzy 
subalgebra of X with membership function wy. If wy is an f-invariant, then f(H) is an 
(€, €)-fuzzy subalgebra of Y. 

Proof. Let 2 € py) and yr € pyc), where t,r € (0,1). Then pycy)(z) > t and 
Lp (y) > r. Thus f7'(z “e ‘(y) 4A imply that there exists 71,72 € X such that f(x ,) = z 
and f(%2) = y. since wy is an f-invariant, then py(q)(z) > t and py(y)(y) = 7 imply that 
fuy(a1) >t and wx(x2) > r. So by hypothesis we have 
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Mpy(z*y)= sup pa(t) 
te f—1(z*y) 
- sup b(t) 


te f—1(f(v1*22)) 


= py (21 * £2) 
> min(t,r). 


Therefore (z * ¥)min(t,r) € Mf(H), Le f(H) is an (€, €)-fuzzy subalgebra of Y. 
Theorem 3.33. Let {1; | i € A} be a family of (€, € Vq)-fuzzy subalgebra of X. Then 


i= () fu; is an (€, € Vq)-fuzzy subalgebra of X. 
tel 
Proof. By Theorem 3.21 we have, for alli € A 


pi(x * y) > min(pi(x), i(y), 0.5). 


Therefore (a2 xy) = inf pi(x * y) > inf min({1; (a), pui(y), 0.5) 
ve a 
= min(inf y;(z), inf w:(y), 0.5) 
= min(p(x), u(y), 0.5). 


Therefore by Theorem 3.21, yu is an (€, € Vq)-fuzzy subalgebra. 

Theorem 3.34. Let {u; | i € A} be a family of (€, €)-fuzzy subalgebra of X. Then 
—— () ju; is an (€, €)-fuzzy subalgebra of X. 

iE A 

Proof. Let 2; € pu and y, € p, tyr € (0,1). Then u(x) > t and p(y) > r. Thus for all 
iC A, w(x) >t and pi(y) > r imply that pu; (a * y) > min(t,r). Therefore p(x * y) > min(t,r) 
ie (2 * Y)min(t,r) E H- 

Theorem 3.35. Let {; | i € A} be a family of (a, 3)-fuzzy subalgebra of X. Then 
b= () f; is an (a, 3)-fuzzy subalgebra of X, where (a, 3) is one of the following form 


ted 

(i) (€,9), (ii) (€, Aq), 

(iii) (¢, €), (iv) (@, € Aq), 
(v) (€ Va, 4), (vi) (€ Va, € Aq), 
(vii) (€ Vq, €), (viii) (¢, € Vq), 
(ix) (q,4). 


Proof. We prove theorem for (q,q)-fuzzy subalgebra. The proof of the other cases is 
similar, by using Theorems 3.15 and 3.18. 
If there exists i € A such that yw; = 0, then wp = 0. So p is a (q,q)-fuzzy subalgebra. Let 
p;(0) if ce X} 


pu, # 0 for all i € A. Then by Theorem 3.10 we have pu;(x) = , for all 
0 otherwise 
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(0) if we () xs 
i€ A. So it is clear that u(a2) = i€A . Since () X6 is a subalgebra of X, 
0 otherwise ic A 


then by Theorem 3.11 py is a (q, q)-fuzzy subalgebra of X. 
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Abstract For any positive integer n, let SP(n) denotes the Smarandache power sequence. 
And for any Smarandache sequence a(n), the Smarandache totient function St(n) is defined 
as y(a(n)), where y(n) is the Euler totient function. The main purpose of this paper is 


using the elementary and analytic method to study the convergence of the function on where 
2 


2 
SS a ae evs a ; Se Mia 
S= ‘> (<a) , S2= bs sit) , and give an interesting limit Theorem. 


k=1 


Keywords Smarandache power function, Smarandache totient function, convergence. 


§1. Introduction and results 


For any positive integer n, the Smarandache power function SP(n) is defined as the smallest 


positive integer m such that n | m™, where m and n have the same prime divisors. That is, 


SP(n) =min¢gm: n|m™”, meN, [[»= I[» 
pin Pl 
For example, the first few values of SP(n) are: SP(1) = 1, SP(2) = 2, SP(3) = 3, SP(4) = 2, 
SP(5) = 5, SP(6) = 6, SP(7) = 7, SP(8) = 4, SP(9) = 3, SP(10) = 10, SP(11) = 11, 
SP(12) = 6, SP(13) = 18, SP(14) = 14, SP(15) = 15, ---. In reference [1], Professor 
F.Smarandache asked us to study the properties of SP(n). It is clear that SP(n) is not a 
multiplicative function. For example, SP(8) = 4, SP(3) = 3, SP(24) =6 4 SP(3) x SP(8). 
But for most n, we have SP(n) = II p, where II denotes the product over all different prime 


1, 
) 


pin pin 
divisors of n. If n = p%, k-p* +1 <a < (k+1)p**!, then we have SP(n) = p*t!, where 
0<k <a-—1. Let n = pi'ps?---per, for all a; (¢@ = 1, 2, ---, r), if a; < pi, then 


SP(n) = I[-. 
pin 


About other properties of the function SP(n), many authors had studied it, and gave some 
interesting conclusions. For example, in reference [4], Zhefeng Xu had studied the mean value 


properties of SP(n), and obtained a sharper asymptotic formula: 


o9P= 5° een) to +9): 


nN<x 
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where e€ denotes any fixed positive number, and II denotes the product over all primes. 
Pp 
On the other hand, similar to the famous Euler totient function y(n), Professor F.Russo 
defined a new arithmetical function called the Smarandache totient function St(n) = y(a(n)), 
where a(n) is any Smarandache sequence. Then he asked us to study the properties of these 
functions. At the same time, he proposed the following: 


1 
converges to zero as 


S 
Conjecture. For the Smarandache power sequence SP(k), on 
2 


n — oo, where S$; = > (sic oe - (Sam rE 


In this paper, we shall use the elementary and analytic methods to study this problem, 
and prove that the conjecture is correct. That is, we shall prove the following: 
S 
Theorem. For the Smarandache power function SP(k), we have lim a = 0, where 
n—-co 2 


n 


1 : n 1 ° 
=>: (Zsram) 2=(¥) aSPER a) : 


k=1 k=1 
§2. Some lemmas 


To complete the proof of the theorem, we need the following two simple Lemmas: 

Lemma 1. For any given real number «¢ > 0, there exists a positive integer N(e), such 
that for all n > N(e), we have y(n) > (1 - Oa where c is a constant. 

Proof. See reference [5]. 

Lemma 2. For the Euler totient fuction y(n), we have the asymptotic formula 


1 — ¢(2)¢(3) ae Inn 
2 FH CO) ravo(S2), 


eed 2 OO. 2 l 
where A = 7 etn) S- eo is a constant. 


y(n) 


Proof. See reference {6] : 


§3. Proof of the theorem 


In this section, we shall prove our Theorem. 

We separate all integer k in the interval [1,7] into two subsets A and B as follows: A: the 
set of all square-free integers. B : the set of other positive integers k such that k € [1,n]\A. So 
we have 


1 
» (SPE Xe @ ora t ic 


k<n 


From the definition of the subset A, we may get 


—ss —_—_ 


pik p\k 
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k u?(k) ' 
an = O(InInk). Note that y | = O(1). And if 
p k<n 


k € B, then we can write k as k =1-m, where | is a square-free integer and m is a square-full 


integer. Let S denote —.~——\,, then from the properties of SP(k) and y(k) we have 
>. GSPE)P 


By Lemma 1, we can easily get 


2 2 0 
S< : = al ee =O (Inlnn)? S> : 


1 
Im<n ]2 Il’ Il (1 7 a Xu te a 2 yp? (Im) bea es 


p|m 
plm — pilm 


1 k 
Let U(k) = I[-. then S- = > al ( 7 where m is a square-full integer and the 
P| 


arithmetical function a(k) is defined as follows: 


1, if k is a square-full integer; 
alk) = 
0, otherwise. 
a(k) ee : ; 
Note that U2(k) is a multiplicative function. According to the Euler product formula (see 


reference [3] and [5]), we have 
A(s) = Soa a 
= U2(k)k* : pts (ps _ 1) . 
1 
From the Perron formulas [5], for b = 1+ a T > 1, we have 
nn 


= a7 nota oY) 01mm (i) 8 


k<n 


Taking T = n, we can get the estimate 


O (=e) 1 (min (1. =)) i, site = O(Inn). 


2 1 
Because the function A(s) is analytic in Re s > 0, taking c= in then we have 
S nr 


b+iT Ss b-iT s c+iT s c-iT s 
: (/ A(s)"ds-+ A(s)"as-+ f A(s)"-ds-+ Ao) a) =0. 
b c b c 


Qni 


—iT § —iT § +iT § +iT 5 
e+iT fe z b-iT s 
n dy n 
Note that / A(s)—ds = O i ————_. ] = O(lnn) and | A(s)—ds = 
c-iT (s) 8 ( _-T \/C? t | ee c-iT 8 


a 1 tox Be a ie 1 a(k) 
O (/ ad =O (4), Similarly, - A(s)——ds =O (4). Hence, S- Tk) = 


k<n 
O(Inn). 
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So 
So ees = Ollnn: (Ininn)?). (1) 
2. (SPH) 
Now we come to estimate S- Sry from the definition of SP(n), we may immediately 
p 
k<n 


get that SP(n) < n. Let n = p}p5? ---p%s denotes the factorization of n into prime powers, 
then SP(n) = ph ph .-- p8, where 3; > 1. Therefore, we can get that pe (pr - 1)p2?-1 (pe - 
1) +++ p8s1(p, — 1) < pY*(pr — 1)p$?7*(po — 1) +++ p%"1(p, — 1), thus y(pf'ph? ---pB) < 
p(pT ps”: pes). That is, p(SP(n)) < y(n), according to Lemma 2, we can easily get 


1 1 — ¢(2)¢(3) Inn 
»_ EP) = 9H ae) etAre (5) : @) 


k<n k<n 


Combining (1) and (2), we obtain 


3 (asm) O (Inn (InInn)?) 
ean AO) nn\\y 
(> zara) (“Fe inn + a+0(2")) 


This completes the proof of our Theorem. 
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Abstract For any positive integer n, we define the arithmetical function F'(n) as F(1) = 0. 
Ifn > 1 and n = pips? ---pZ* be the prime power factorization of n, then F(n) = aipi + 
a2p2 +--+ axpr. Let S(n) be the Smarandache function. The main purpose of this paper 

is using the elementary method and the prime distribution theory to study the mean value 
properties of (F(n) — S(n))”, and give a sharper asymptotic formula for it. 

Keywords Additive function, Smarandache function, Mean square value, Elementary method, 


Asymptotic formula. 


§1. Introduction and result 


Let f(n) be an arithmetical function, we call f(n) as an additive function, if for any positive 
integers m, n with (m, n) = 1, we have f(mn) = f(m) + f(n). We call f(m) as a complete 
additive function, if for any positive integers r and s, f(rs) = f(r) + f(s). In elementary 
number theory, there are many arithmetical functions satisfying the additive properties. For 
example, ifn = pf''p5? ---pz* denotes the prime power factorization of n, then function Q(n) = 
a, +ag+-+-+ a, and logarithmic function f(n) = Inn are two complete additive functions, 
w(n) = k is an additive function, but not a complete additive function. About the properties 
of the additive functions, one can find them in references [1], [2] and [5]. 

In this paper, we define a new additive function F(n) as follows: F'(1) = 0; Ifn > landn = 
pips? ---p,* denotes the prime power factorization of n, then F(n) = api +azp2+++:+aKpr- 
It is clear that this function is a complete additive function. In fact if m = pf'p$?---py* 
and n = pep. pee, then we have mn = p??t?p$2t6 ecg nee Therefore, F(mn) = 
(a1 + B1)pi + (ag + Bo)po +--+ + (an + Be)pr = F(m) + F(n). So F(n) is a complete additive 
function. Now we let S(n) be the Smarandache function. That is, S(m) denotes the smallest 
positive integer m such that n divide m!, or S(n) = min{m: n | m!}. About the properties 
of S(n), many authors had studied it, and obtained a series results, see references [7], [8] and 
[9]. The main purpose of this paper is using the elementary method and the prime distribution 
theory to study the mean value properties of (F(n) — $(n))?, and give a sharper asymptotic 
formula for it. That is, we shall prove the following: 


Theorem. Let N be any fixed positive integer. Then for any real number x > 1, we 
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have the asymptotic formula 


2 


» (F(n) = Soak nitty +O (ts =) , 


n<ux 


2 


where c; (i= 1, 2, --- , N) are computable constants, and c, = 4. 


§2. Proof of the theorem 


In this section, we use the elementary method and the prime distribution theory to complete 
the proof of the theorem. We using the idea in reference [4]. First we define four sets A, B, 
C, D as follows: A = {n, n € N, n has only one prime divisor p such that p | n and p? { n, 
p> n3 }; B = {n, n € N, n has only one prime divisor p such that p? | n and p > n3}; 
C = {n, n € N, n has two deferent prime divisors p; and po such that pipe | n, po > pi > n3}; 
D = {n, n € N, any prime divisor p of n satisfying p < n3}, where N denotes the set of all 
positive integers. It is clear that from the definitions of A, B, C and D we have 


Yo (F(n) — Sn)? = YE (F(a) - 8m)? + SF (Fn) — S(n))? 


na na n<a 
neEA neB 
+50 (F(n) - 8(n))? + SO (Fm) — S(n))? 
n<u n<ux 
nec neD 
= W,+Wo.4+ W3+ W4. (1) 


Now we estimate W,, W2, W3 and W, in (1) respectively. Note that F(n) is a complete 
additive function, and ifn € A with n = pk, then S(n) = S(p) = p, and any prime divisor q of 
k satisfying q < n3, 80 F(k)< n3 nn. From the Prime Theorem (See Chapter 3, Theorem 2 
of [3]) we know that 


*)= du vag 10 (er -) 2) 


i=l 


where c; (i = 1, 2,---, k) are computable constants, and c; = 1. By these we have the 


estimate: 


Wi = SO (F()- S(n))’ = D2 (F(R) - 2)? 


n<ax pk<au 
neA (pk)EA 
= So F )< S- yt (pk) )5 In?( (pk) < (Ina)? ka p3 
pk<a k<VJak<pst kiJVe k<ps§ 
(pk)EA 
3 1 5 
< (Ina)? » ks (=) ° ne < x3 In? x. (3) 
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If n € B, then n = pk, and note that S(n) = S(p?) = 2p, we have the estimate 


We = So (F(n)- Sn) = D> (FW) - 20)’ 


n<x prk<ax 

neEB p>k 
-y Yrw<y ve 

kas k<ps.\/% k<ad k<ps./F 

Stee (4) 
< a ne : 

; k2 Inx Ing 
k<av3 


If n € D, then F(n) < n3 Inn and S(n) < n3 Inn, so we have 


We = DO (F(n) - S(n))? « So n3 hn K 23 ne. (5) 
n<ux n<ux 
neD ~ 


Finally, we estimate main term W3. Note that n € C, n = pypok, po > pi > ni >k. If 
k<p< na, then in this case, the estimate is exact same as in the estimate of W,. If 
k < pi <p2 < 73, in this case, the estimate is exact same as in the estimate of Wy. So by (2) 


we have 
Ws = 2 (F(n) — S(n))’ = Pe (F(pip2k) — pz)? +O Ge In? x) 
nso pipek<a 
nec p2>pi>k 


=>) dv» bb (F?(k) + 2p: F(k) + pi) + O (a3 in? 2) 


1 Zz 
k<a b<piS/% P25 ak 


= S- S- S- pe +O S- S- S- kpy +O («3 In?2) 


k<a3 k<pidv/¥ Pi <P2 Sak k<a3 k<pidy/¥ Pi <P2 Sak 
x x x 
5) 2 
= 5 5 Pi 5 Ci +O +Olx3 ln’ 
4 @ N+1 
= pik in —k pikln x 
k<a3 k<pi S/F = PL 


-y YS FY1it+0Oly YD YX KI. (6) 


k<a3 k<pis\/E  P2SP2 k<a3 k<piSa/¥ P1SP2S pik 
Note that ¢(2) = - from the Abel’s identity (See Theorem 4.2 of [6]) and (2) we have 


yy ayy Y Ay sBro(Ge.)| 


In’ py; 
k<a3 k<piS\/~  PSP2 k<a3 k<pis\/Z bit 


~ Ci" Pi Pi 
= De, De Ga Ole, 2 Gee 


In‘ py 


= : P1 
1 pees k<piS/z k<w3 k<pis,/z 
N 
0. (7) 
= ; 
Inte InN t+? ¢ 


i=l 
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where d; («= 1, 2, --- , N) are computable constants, and d, = ua 
3 5 
L2 v3 
k k : 8 
» > 2 eee ae ae 
k<a3 k<pida/Z P1SP2S ark k<aS  PiS/¥E k<a3 
Pix x? 9 
a » kiln hinw oe < Zs k? In NEE < Int? 2 ( ) 
k<a3 k<pis./% k<a3 
From the Abel’s identity and (2) we also have the estimate 
2 x _ 1 xp 
2 », ie se ea » k » In 
1 —~ Piva 1 ny 
k<a3 k<piSV/F PIS psa k<piS/E Pt 
N 2 2 
x x 
= Doce +0(Se) (10) 
71 N+1,,}? 
ta In a In x 
where b; («= 1, 2, --- , N) are computable constants, and b; = a, 


Now combining (1), (3), (4), (5), (6), (7), (8)and(9) we may immediately deduce the 
asymptotic formula: 


>» (F(n) = Sra; Feels O (ws za) D 


n<u 


where a; (i= 1, 2, ---, N) are computable constants, and a; = bi — di = 7. 


This completes the proof of Theorem. 
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